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Abstract

We characterize collusive behavior in a model where firms’ must pre-commit to
the scale of operation before observing market demand and setting prices. Firms are
uncertain about future demand; each period they choose capacity when demand is
uncertain, then observe demand and choose prices. In this model, collusive equilibria
can have highly varied behavior on a single equilibrium path; collusion can involve
asymmetric firm size (capacities), periods of monopoly pricing, symmetric pricing below
the monopoly level, asymmetric pricing, and mixed strategy price wars.
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1 Introduction

We characterize collusive behavior in a model of industries where firms’ must pre-commit
to their scale of operation before observing market demand and setting prices. Firms are
uncertain about future demand; each period they choose capacity when demand is uncer-
tain, then observe demand and choose prices. Collusive equilibria can have highly varied
behavior on a single equilibrium path; collusion can involve asymmetric firm size, periods
of monopoly pricing, symmetric pricing below the monopoly level, asymmetric pricing, and
mixed strategy price wars. In periods of extremely high demand, collusive prices are at con-
strained monopoly levels. In extremely low demand periods collusive pricing is symmetric
and between monopoly pricing and marginal cost. In demand periods between these ex-
tremes, prices can be asymmetric with one firm accepting the residual demand and charging
the monopoly price, while the other firm charges a price lower.

Our model can be viewed as advancing two well established literatures. The first is
a large literature that studies collusive pricing patterns with non-stationary demand (This
literature includes: Green and Porter (1983), Rotemberg and Saloner (1986), Kandori (1991),
Haltiwanger and Harrington (1991), Bagwell and Staiger (1997)). The second literature deals
with endogenous capacities and repeated price competition with stationary demand (This
literature includes: Davidson and Deneckere (1984), Brock and Scheinkman (1985), Benoit
and Krishna (1987), Lambson (1987,1994), Davidson and Deneckere (1990), Compte, Jenny
and Rey (2002) and Dechenaux and Kovenock (2010)).

In particular, we follow a recent literature that integrates capacity constraints into dy-
namic games with non-stationary demand (Staiger and Wolak (1992), Fabra (2006) and
Knittel and Lepore (2010)).! Our point of departure from this literature is Staiger and
Wolak (1992), whose model includes repeated price competition with independently identi-
cally distributed demand shocks each period. Capacities are chosen before the demand state
is realized while prices are chosen after. They restrict analysis to exclusively symmetric
capacities, simplifying the analysis greatly.? They find that collusive pricing might involve
periods of both mild and severe price wars. A mild price war is a joint lowering of symmetric
prices below the monopoly level, while a severe price war is a period where firms employ
noncooperative mixed pricing on the collusive path. Because the severe price wars can be
on the equilibrium path, collusive market shares are unstable over time.

In our analysis, we do not restrict firms to have symmetric capacities and, to our knowl-
edge, are the first to do so in a model with demand uncertainty. Two papers Compte, Jenny

'Both Fabra (2006) and Knittel and Lepore (2010) extend the deterministic demand cycle model of
Haltiwanger and Harrington (1991); Fabra adds exogenous symmetric capacity constraints, while Knittel
and Lepore add endogenous long-run capacities which can be asymmetric.

2Staiger and Wolak (1992) incorrectly claim that pure symmetric capacities subgame perfect equilibrium
always exist. If one reinterpretes their paper to only adress collusion with the best symmetric capacities, as
we have done above, then their primary results are recovered.



and Rey (2002), and Dechenaux and Kovenock (2010) analyze collusion with asymmetric
capacities, while assuming demand is constant over time.> Compte, Jenny and Rey allow
for asymmetric capacities, but restrict their analysis to subgame perfect equilibria with pure
symmetric pricing. The focus of their paper is on merger analysis, and they show that joint
collusive profits are often increased with firm symmetry.? Dechenaux and Kovenock study
the same basic model as Compte, Jenny and Rey, but instead characterize joint-profit maxi-
mizing collusion allowing for any pure prices. At many asymmetric capacities/discount pairs
prices are asymmetric where the larger firm prices to maximize the residual demand, and
the smaller firm prices as high as possible while keeping the larger firm from undercutting.

We consider concave demand functions and endogenous capacities that are free to be
(and often are) asymmetric. In the context of the literature, our model can be viewed as a
generalization of Staiger and Wolak (1992) to concave demand (they use a linear specifica-
tion) in which we consider equilibria (similar to Dechenaux and Kovenock (2010)) with both
asymmetric capacities and asymmetric pricing.®,°

The characterization of the collusive pricing paths with asymmetric prices is diverse
in content. We provide some sufficient conditions for the firms’ to prefer to price at the
monopoly level, at a symmetric price lower than monopoly, and asymmetrically in pure
strategies; in a given demand realization on the equilibrium pricing path. When pricing is
asymmetric it involves one firm charging a price at or below the monopoly price while the
other firm charges a price lower, which is determined by the first firm’s temptation to cheat.

This is similar to the type of collusive ‘judo pricing,” shown in Dechenaux and Kovenock
(2010).”

The remainder of the paper is organized as follows. In section 2. we lay out the basic
assumptions of our model, describe non-cooperative behavior, and the joint profit maximizing
behavior of the firms. Section 3 deals with most-collusive pricing, we separately deal with
symmetric and asymmetric case and then provide a synthetic characterization. A final
subsection presents numerical examples for model. Section 4 considers the collusive capacities
and we conclude with section 5.

3In another closely related paper, Knittel and Lepore (2010) allow for asymmetric capacities, but focus
on symmetric pricing in a model where demand fluctuates based on deterministic cycles over time.

*Both Compte, Jenny and Rey (2002) and Dechenaux and Kovenock (2010) assume rectangular shaped
market demand. We consider concave demand functions; the rectangular demand is a limiting case of our
model just outside assumptions.

’Staiger and Wolak (1992) use efficient rationing of residual deamnd, while we use the proportional
rationing.

6Dechenaux and Kovenock (2010) assume for endogenous rationing of collusive demand. This assumption
allows firms to collude in price and the rationing of collusive demand. In contrast, we assume that firms
only collude in prices, but cannot collude in how demand is rationed.

"The concept of “judo pricing” was developed in Gelman and Salop (1983). They consider a model of
entry where the entrant chooses capacity and price followed by and incumbent (with unlimited capacity)
choosing price. The optimal strategy of the entrant is to choose capacity and price low enough that the
incumbent is better off pricing as a monopolist and taking the residual demand than undercutting.



2 Model Basics

Consider an industry with two firms that produce a single homogeneous product. The index
i is used to identify an arbitrary firm, where i € {1,2}. Throughout the paper we will use
j to index the firm other than i. Demand fluctuates over time according to random shocks.
Each period firms choose capacities before market demand is observed. Then demand is
observed and firms choose their prices. We assume that demand is drawn independently
from an identical distribution (7#id) each period. Let w; € Q be a demand state for time
t, where Q = [w,w| C R. The market demand function at time ¢, given the state w; € €,
is D(-,w;) : R — Ry. The inverse demand for any time ¢, given the state w;, € Q,, is
P(-,w;) : Ry — R,. We impose that both the absolute demand and choke price are finite:
D(0,w) < oo and P(0,w) < oo for allw € Q. It will be useful to denote D = max,cq D (0, w)

and P = max,cq P(0,w).

Firm ¢’s capacity x;(t) € R, is the absolute limit on the number of units it can produce
in period t. The marginal cost of production is zero up to the firm’s capacity and infinite
for any quantity beyond. The two firms have a common discount factor § € (0, 1).

The first two assumptions establish the basic properties of the industry demand function.

Assumption 1 For each w € § the quantity D(0,w) is such that for all ¢ € [0, D(0,w)),
P(q,w) € (0,00) and for all ¢ > D(0,w), P(q,w) = 0. On (0,D(0,w)), P(q,w) is twice-
continuously differentiable, strictly decreasing and concave in q.

Assumption 2 For all w,w' € Q such that w > W', D(p,w) > D(p,w’) for all p €
[0, P(0,w)].

Since D(p,w) > D(p,w’) for all p € R, the state w is considered to be a larger demand
state than w’.

The next two assumptions specify the properties of the firms’ capacity cost functions.

Assumption 3 FEach firm’s capacity cost function c; (+) is twice-continuously differentiable,
strictly increasing and convez.

Assumption 4 Positive profits are possible in any state w € Q: For both firms i € {1,2},

¢:(0) < min P(0,w).

we



Let us establish some important notation. Label P = [0, P] x [0, P] the set of viable pure
prices for any period t. There is a pricing strategy contingent on the realization of w. Hence,
we define p(w) the mixed pricing strategy based on the realization w. While we denote by
P = (p(w)),ecq, the set of prices for all possible demand realizations. When referring to the
pricing for a fixed state w, we when it does not create confusion, we will often omit the
argument and simply denote prices by p = (p1, p2). With regards to capacities, we denote

pure capacities by ¥ = (21, 23) € X = [0, D] x [0, D].

2.1 Rationing and Payoffs

Rationing of residual demand follows the proportional rule. An example where this rule
appears reasonable is when demand is composed of a continuum of consumers that each
demand one unit of the good.® The expected residual demand follows the proportional rule.
The proportional rule is formally defined below.

min{ D(p;,w), x; } if p; < p;
Di<p7x7w) - min{maX{D(pi7w)/27D(pivw) (1_l‘j/D(pj7w))}axi} lpr =Dj
max {min {D(p;,w) (1 — z;/D(p;,w)),x;},0} if p; > p;

Denote the state w revenue of firm i by
Vi(p, x,w) = piDi(p, x,w).
Denote a single period expected profit of firm i by
Vi(p, z) = ElVi(p, v, w)] — c(x:).

the joint expected revenue for state w and the joint expected profit, respectively.

2.2 Non-collusive equilibrium

The character of the Nash equilibrium in any individual pricing subgame will depend on
the firms’ previous capacity choices . We appeal to Dasgupta and Maskin (1986b) for the
existence of a mixed strategy Nash equilibrium in any pricing subgame. Our characterization
of this equilibrium is based on results in Davidson and Deneckere (1986).

First let us describe the key features of Nash equilibrium of the simultaneous game as
characterized in Davidson and Deneckere (1986). They have shown the existence of a unique
mixed strategy equilibrium; we label the equilibrium strategies (¢7, ¢35 ). It will be useful to

8For an informative discussion of the prortional rationing scheme, see Davidson and Deneckere (1986).



denote the unique monopoly revenue for state w by 7 (w) = max__ o pD(p,w) and denote

by DM (w), the monopoly quantity and p™ (w) the monopoly price.
There are three distinct pricing regions determined by capacities:
C = {2eR} |z +z, < DY(w)},

M = {zeR% |z¢C, mn{z;, 22} < D(0,w)},
B = {2z €R} |min{z, 22} > D(0,w)}.

The Nash equilibrium expected revenue for firm a in each region is given by the function

P(z1 4 zo,w)x Ve e C
P(zjw n
Vo) = ﬂ-M(w)fBi((x,w)) (1—x;/D(z,w))d¢] Vo € M such that z; > z; . )
’ p,(x, w)x; Vz € M such that z; < z;
0 Ve € B

The correspondence Qi(x, w) is the lower bound of the support of both firms’ mixed strategies.
This is implicitly defined by

p ) =min { p € 0. P [pmin{Dlp. o).y} = 7)) (1= 5 2 Yo |

which is defined for all z; > 0, and is twice continuously differentiable for all z; € (0, D(w)).
When capacities and the state are fixed, it will be convenient to omit the arguments and
denote p; = max p (z,w).

Denote by V!'(x) = E[V*(x,w)] —c(x;), firm 4’s non-collusive equilibrium expected profit.

2.3 Basic of collusive equilibria

We begin our analysis by establishing the collusive baseline of the joint profit maximizing
solution. Denote p™(w) and ™, the constrained joint profit maximizing price for any state w
and the joint profit maximizing capacities, respectively. The following proposition establishes
the existence and uniqueness of the joint profit maximizing solution.

We impose that neither firm makes non-positive profit with joint profit maximizing prices
and each firm has positive capacity.

Proposition 1 The joint profit maximizing prices and capacities are p™ = (p™, p™) and
™ = (", 25") such that x* + xb* = x™ described in 1 and 2.



1. For all x € Ry and w € Q), there exists a unique p™(w) such that

() = 4 B py PD(p ) i x> D(p" (W), w)
P(Xaw) ZfX < D(Iom(w>’w>

2. Given pricing p™, the ™ such that

2™ € arg max { Bmin{p" (W) D(p" (w),w), 21 +2}] —r(21) —eaa2)}. (3)

3 Collusive pricing

In this section, we focus on most-collusive equilibrium pricing with fixed capacities and
discounts. We define most-collusive pricing as the joint profit maximizing pricing that is
sustainable as a subgame perfect equilibrium. Throughout this section we assume, without
loss of generality, that z; > x5.We also take the expected punishment to firm ¢ after a
defection to be the arbitrary value V¥ > 0. When and if firms’ can adjust capacity will
effect this exact value. In terms of the pricing section to follow, all results are proved,
without loss of generality, assuming arbitrary punishment values. In section 4, we will give
context to this assumption.

As a prelude to the analysis of collusive pricing, we layout the incentive compatible
constraints that determine if collusive prices are sustainable. Take any pricing strategy p
and p € P U ¢" and define the upper bound to the gain of defection from p and the future
loss from punishment below. Notice that pricing can be any pure strategy prices as well as
the non-collusive equilibrium prices (which can be in mixed strategies).

Gi(pvwi) = SuppE[O,IB] Vz‘((ﬂan);»”%“’) - V;(p,x,w), vp € ]P)U¢n;

Li(p,x)= (Vi(p,z) = V)) .

o
1—90
Define the set of prices that are incentive compatible in every states w,

A(z) ={p e[l ,caPU¢"|Gi(p,z,w) < Li(p,z),Vi € {1,2} Vw € Q}.

It is worth noting that we can take the two future losses to be fixed constants £; and
L. That is, any state price choice does not impact the future loss. This is a convenient
consequence of the atomless distribution of uncertainty.

To help keep the concepts clear, we separately characterize both symmetric and asym-
metric joint profit maximizing prices. First we address symmetric pricing.



3.1 Symmetric Pricing

It is possible, that for a given state w, most-collusive pricing is symmetric. In this section,
we restrict firms to symmetric pricing in any state w and show that there always exists a
unique joint profit maximizing symmetric price.

Denote by G%(p, z,w), the maximal gain from a defection of firm i from the symmetric

price p € [0, P] in state w with capacities z. Let us define the upper bound to the gain of
defecting from the symmetric price p by

€T

G} (p, z,w) = pmin{D(p,w), z1} — pmin {x max {w, D(p,w) <1 - D(pfw)> }} :

It is immediate that when 27 + 2o < x™, G§(P(z1 + x2,w), z,w) = 0; joint profit maxi-
mizing pricing is sustainable. Therefore, we only need to consider most-collusive symmetric
pricing for capacities x such that case that x; + xo > x™.

Denote by p*(w), the maximum price in [0, p"(w)] such that G5(p*(w), z,w) = L;.

Proposition 2 If pricing is symmetric, then there exists unique symmetric pricing p*(w) =
(p*(w), p*(w)) such that
s ™ (w
P (w) = { P (w)

min {p*! (w), p**(w)}

Before we begin the proof of the proposition we establish a preliminary result. The
lemma states that a firm’s maximal gain from defection is strictly increasing in the symmetric
collusive price up to the joint profit maximizing price p™(w). This fact is the basis for our
uniqueness argument in Proposition 2.

Lemma 1 Take p, p' in [0, p"(w)] such that x1 > D(p',w)/2, then

/

Gi(p,r,w) > Gi(pz,w) = p >p.

The proof of Proposition 2 now follows readily.

Proof of Proposition 2. First we address the existence of a maximum. Based on the
atom-less distribution of uncertainty, no choice of an individual state price will negatively
effect another state price. Therefore, the problem can be broken into a continuum of single
state maximization problems with future prices fixed. Note that for all x, the joint expected
revenue is bounded and strictly increasing in p on [0, p"(w)]. Thus, combined with Lemma
1, we know the joint profit maximizing symmetric prices for any state w must solve

p*(w) € max{p € [0, p" ()] | G (p, x,w) < L;, Vi € {1,2}}. (4)



The constraint set is composed of linear weak inequalities of functions continuos in p on
[0, p"(w)], a sufficient condition for the constraint set to closed. By construction {p €
0, p™(w)] | Gi(p, x,w) < L;, Vi € {1,2}} is a subset of the compact space [0, p"*(w)], and a
closed subset of a compact space is compact. If the constraint set is non-empty, then it must
have a maximal element.

Now we move to the question of uniqueness. There are four cases of different prices p®:

(i) G5(p°,z,w) = Ly and G5(p°, x,w) < Lo,

(i) G5(p°,z,w) < Ly and G5(p°, z,w) = Ly,
(iii) G5(p*, z,w) = L4 and G5(p°, z,w) = Ly, or
(iv) G5(p®,z,w) < Ly and G5(p°, z,w) = L.

In all cases (i)-(iii), based on Lemma 1 and the fact that £; is independent of p (based
on the atom-less distribution of uncertainty), the maximal price must be unique. While for
case (iv), trivially, p* = p™. =

3.2 Asymmetric Pricing

The purpose of this section is to characterize most-collusive asymmetric pricing. As in Section
3.1, its only necessary to consider asymmetric pricing for capacities such that x; + x5 >
D™(w). Otherwise, constrained monopoly pricing is always sustainable and leads to the
greatest possible joint revenue for that state. First we show that there are only two possible
most-collusive asymmetric prices, one possibility with firm 1 pricing greater and the other
with firm 2 pricing greater.

The upper bound on the gain from defecting for the higher price firm (firm ) is

Gi(pr2.0) = pyuin{ D(py 0, — panin {0. 00 (1- 5 2 )L )

pja w
The upper bound on the gain from defecting for the lower price firm (firm j) is

9; (p, z,w) = p; min{D(p;, w), z;} — p;z;. (6)

In what follows, we prove that the unique solution to the two maximization problems for
i = 1,2 defined in (7) describe the two possible types of most-collusive asymmetric pricing.

p" € argmax {V’(p,z,0) |Gi(p, 2,w) < Li, gj(p,z,w) < Ly, and p" 2 pi > p;}. (7)
pe

Pricing p; = p; is included in the maximization problem despite that fact that such pricing
is symmetric. This is done to close the maximization problem and does not adversely effect
our characterization of most-collusive pricing in Section 3.3.
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The solution to the problem in (7) can be examined in two sequential steps. The first step
is choosing p; to maximize joint revenue based on a fixed p; and subject to the constraint
G4 (p,z,w) < L;. Let use denote this solution by p;(p;), where for all p; € [p,, p™],

ﬁj(pl) = arg Imax {Vj(paxaw) ‘ G?(p,il?,bd) < ‘cl} (8)
P; €[Pa;pil

Lemma 2 If £; > 0, then there exists a unique solution p;(p;), which is weakly increasing
in p; on [py, p™. Further, p;(p;) = pi or p;(pi) is such that G¢(p;(pi), pi, x,w) = L;.

The lemma establishes that problem (8) always has a boundary solution; p;(p;) is the
maximum price in the constraint set, which is the minimum of p; and the price that equates
firm j’s gain from defection to their expected loss from future punishment.

The second component of most-collusive asymmetric pricing is firm ¢’s choice of p; given
that firm j’s price is determined by p;(p;). We denote by p}* the solution to the following
program:

Py = arg e%afm]{vj(ﬁj(pi),pu%w) | 95 (p; (i), piy v, w) < L;}. (9)
AN

Lemma 3 If L1, Ly > 0, then there exists a unique solution p* such that, p¢* = p™ or p
is such that g§(p;(p}"), P, x,w) = L;.

Again (analogous to Lemma 2), Lemma 3 shows that the solution is at the largest price
in the constraint set. This is the minimum of the joint profit maximizing price and the price
that equates firm ¢’s gain from defection to its expected loss from punishment.

Lemma 2 and 3 form the basis for following proposition regarding most-collusive asym-
metric pricing.

Proposition 3 The most-collusive asymmetric pricing is
p* = arg max,ec par pozy V7 (p, 2, w),

where p™ = (p*, p;(p?)) fori € {1,2}.

The proof establishes that the unique solution to (7) is p* = (p¢*, p; (p2*)) fori € {1,2}. Tt
immediately follows that most-collusive asymmetric pricing is the maximizer of joint expected
revenue between p®! and p*? .

Proof of Proposition 3. We show that p* is the unique solution to (7). Suppose the
contrary that p® is not the unique solution to (7). In other words there exists a p’ # p* that
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is incentive compatible and such that V7 (p/, z,w) > V/(p®, z,w). We proceed by showing
that such a p must violate one of the incentive constraints.

Since the function V7 (p, z,w) is increasing in p for prices less than p™, we can conclude
that at least one firms price must be greater than there price in p* for p’ to be such that
VI(p,z,w) > VI (p“, z,w) to be true. Thus, we have two cases: p, € (p%, p™], or p; €
®$, pil-

First, we take p; € (p§, p™]. Notice that p > p;(p}), because (pj, p;(p;)) cannot lead to
revenue as high at p™, or p! is a solution to program (9), which it is not. The proof Lemma
2 property (ii) established that V' is strictly increasing in p; on [py, p;]. Thus, if P > p;(ph),
then p’; leads to more expected revenue than p;(p;), which cannot be true. Thus, p’ must
violate the incentive compatibility condition in (5).

Second, we take p; € (pf’, pi]. Since p* = (p;(p{"), p§*) we know that
L, = G{p™ m,w)

ai - ai ai - ai Lj
= pj' min{D(pj",w), z;} — p{* min {O,D(pi , W) (1 — D(T]’w))}

< p;- min{D(p;-,w), z;} — pt min {0, D(p{",w) (1 - %) } ’

To make G¢(p',z,w) < L;, the price p; must be such that p; > p% because G¢(p,x,w) is
strictly decreasing in p;. Thus, it must be that p’ > p®. We have established in the proof
of Lemma 3 that if p’ > p®, then V7’ (p', 2, w) > V7' (p*%, z,w).

Now we examine the incentive constraint (6). We know that V7 (p™, z,w) > V'’ (pl, p;(p}), z,w),
otherwise p?* could not be the unique solution to (9). Combining the inequalities in the two
previous sentences we have VY (p', z,w) > V7 (pl, p;(p}), z,w). But p;(p}) is the unique solu-
tion to (8). Thus, p); must violate (6), which contradicts p" as a solution to (7). =

3.3 Most-collusive pricing

We now move to the characterization of most-collusive equilibrium pricing. The pricing
results apply to many semi-collusive equilibria (with non-optimal capacities) as well as the
full most-collusive equilibria. It is the size of the demand state relative to the capacities and
the discount that determines most-collusive pricing.

First, we establish that for large enough discount factors monopoly pricing is sustain-
able in all demand states, and that for small enough discounts only non-collusive pricing is
sustainable in all demand states.

Lemma 4 For any fized x, there exists § and § such that the most-collusive prices follow:
p*=p™, Vo €[5,1); and p* = @™, V6 € (0, 7).
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Based on Sections 3.1 and 3.2, for we know that between § and § pricing in state w is either
the most-collusive symmetric pricing or most collusive asymmetric pricing. It is important
now that we make the distinction that pricing is asymmetric, p = p® only if, p = p* # p°,
prices are actually asymmetric. Thus, in the statement of the following theorem this is
the meaning of p® or consequently p®'. For different special cases, the character of pricing
between ¢ and ¢ is well behaved. Three different cases are described in the following theorem.

Theorem 1 Most collusive pricing follows (1)-(4) below.

1. For all x such that xo € (D™(w)/2, D(py,w)/2),

(a) there exists 0“ € (8,0) such that

* P Uplw) Vo€ [53)
) e { P () Vo e (3,0%)

(b) and x1 > D(py,w), there exists 6°* € (8,0) such that

. S(WYUpt(w) V6 € [6",9)
p (w> € { ial w) b V(S c (é,5a1)

2. For all x such that xo < D™(w)/2

(a) p*(w) = p"(w) V5 € (3,9);
(b) and 21 > D(pp,w), p"(w) = p(w) V3 € (3,).

3. For all x such that x5 > D(p,,w), p*(w) = p*(w) Vo € (4,6).

4. For all x such that x, + x5 < D™(w), p*(w) = p™(w) V6 € (4,9).

Proof of Theorem 1 The proof of the theorem is based on the series of results, Lemmas
5-7.

Lemma 5 For all v € X and 6 € (3,6), if p° is such that x5 < D(p®,w)/2, then p* = p°.
Further, take 6“ such that xo = D(p®,w)/2, then for all § € (0,6"), p* = p®.

Proof of Lemma 5. The first part of the proof is composed by way of comparison of the
gains from defection at the price p®. The symmetric gain is:

. xz
S 3 = S D s - SD ¥ 1 - .
Gl(p ,x,w) p mln{ (p >w)>$1} p (/) >w) ( D(,OS,W)>
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While at a prices p® and p™ > p*:

) T2
a(,m s _ 8 D(p® — 0" D(p™ l———7—
(;l(p , P ,JZ,(A)) P mln{ (p 7w)7$1} p (10 ’w)( D(psyw))

Since p"D(p™,w) > p*D(p*,w), G{(p™, p*, v,w) < G5(p°, 7, w).

The second firm’s gain is:

g3 (0™, %, w,w) = (p° — p™) w2 < 0.

Hence p; = p™ > p°® and py = p° has a lower gain from defection for both firms. Since uncer-
tainty follows an atom-less distribution, the expected loss from defection is fixed. Therefore,
the asymmetric pricing is sustainable and leads to higher revenue joint revenue . Thus,
symmetric pricing must not be optimal.

The second part of the proof follows from that fact that p°® is decreasing in § by way
of the losses decreasing in 0. Hence, if o = D(p®,w)/2 at §°, then for all 6 € (4,d),
To < D(p°,w)/2. m

Lemma 6 For all x € X such that 2, > D(p,,w), pt > ps, Vo € (4,06).

Proof of Lemma 6. We suppose to the contrary that pi(w) < p5(w) and show a contra-
diction. We do this by comparing the gain from a defection for firm 2 at p, < p; = p < py
verse both firms pricing at p. The gains are (note the condition =1 > D(p,,w) is used to
determine the gains from an asymmetric defection):

Gao((p2, p),z,w) = pmin{D(p,w), xs},
Gy(p,z,w) = pmin{D(p,w),z2} — pmin{D(p,w)/2, x2} .

Clearly, G5(p, z,w) < Ga((pa, p) , z,w), and hence p* > p42. Since 11 > D(py, w), VI (p82, pa) =
p™2D(p??,w). While at the symmetric prices p*, V7 (p*) = p*D(p*,w). Since p™ > p* > p??
and pD(p,w) is strictly increasing on [0, p™], V7 (p*) > V/(p92, py), a contradiction. m

Lemma 7 For all x € X such that v1 > D(py,w) and xo < D™(w)/2, p* = p™ # p*,
Vo € (68,0).

Proof of Lemma 7. From Lemma 6 we know that for all § € (&, ) most-collusive pricing
is either p* or p*. Lets suppose that it is p® and show a contradiction. The gains from a
defect from the symmetric price p > p, is (if this condition were not true, then the joint
revenue would be less than that from the non-collusive prices ¢"):

Gilpnw) = pmin{D(p.w).m1} — pD(pyi) (1—D(fjw)).
Gi(p,x,w) = 0
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Now we look at the asymmetric pricing gains from p’ = (p1, p°) such that p; > p®.

Gi((pr,p),2,w) = pmin{D(p",w), 21} — p1D(p1,w) (1 - D(ZSZ w)) '

gg((plvps)7wi) = (pl—ps)l’l

For any p1 € (p°, p™], G$((p1,p®), z,w) < G5(p,x,w) = L;. It must be that Lo > 0
(otherwise 6 < ¢), which implies that all p; < L5/x1 + p® are incentive compatible. Hence,

there is a p; € (p®, p™] such that p’ is incentive compatible. For symmetric pricing to be
optimal V'’ (p*) > V/(p'). Thus,

s
piry + p°D(p*,w) (1 - p*ry + prD(pr,w) (1 - —2) :

D<ps,w>> - D(r,)

PSD(P87W> 2 p1D<p17W)-

The final inequality is a contradiction based on the fact that pD(p,w) is strictly increasing
on [0,p"]. m

Statement 1(a) follow

The statements of the theorem now follow readily from Lemmas 5-7. Statement 1(a) is
a direct consequence of Lemma 5, while 1(b) follows from Lemmas 5&6. Statement 2(a) is a
special cases of 1(a)that also follows from Lemma 5, while 2(b) follows directly from Lemmas
7.

Statement 3 is follows from Lemma 6. Since x5 > D(p,, w), we know from Lemma 6 that
p5 > pi. We have imposed that x1 > x5, which implies that 27 > D(p,,w) and from Lemma
6, p{ > p3. Therefore, when xo > D(p,,w), pi = ps.

The final statement of the theorem is an immediate consequence of the joint profit max-
imizing prices yielding no gain from defection. l

3.4 Numerical Examples

4 Collusive Capacities and Prices

In terms of capacities, we focus on the case that a firm’s capacity depreciates fully after one
period and firms choose new capacities simultaneously at the beginning of each period. This
is the model specification used by Staiger and Wolak (1992).
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Punishment for a defection in price: We assume that the punishment to a price
defection, which we denote V!, is non-negative number between min-max and noncooperative
reversion. Since the game is symmetric and pricing always concludes the stage-game, the
punishment begins at a new stage game independent of the previous stage.

Punishment for capacity defections: We assume that a capacity defection is re-
sponded to with an immediate reversion to noncooperative pricing, which results in revenue
between min-max and non-collusive pricing. Then starting at the new stage game the pun-
ishment is VI

The arbitrary mixed pricing strategy € X is in the set of incentive compatible collusive
prices if it is such that, where,
gz(pa 1’) = Supx€[07b] VZP(Xa .Z'j) - Vz(p7 1’),

Formally, define the set of capacities that satisfy the constraint set

®(p) = {r e X|Gi(p, ) < Li(p,x), Vi e {1,2}}. (10)

Collusive capacities can be any capacities z € ®(p*). For sufficiently large discount
factors, the set of collusive pure strategy capacities is non-empty. For fairly large discount
factors, the set can include many symmetric and asymmetric capacity combinations. The
most-collusive capacities are the joint profit maximizing capacities in the set ®(p*). If the
discount factor is sufficiently such that p* = p™ for all x € X, then the set of most-collusive
capacities is the set of joint profit maximizing capacities.

5 Conclusion

6 Appendix

Proof of Proposition 1. The proof is done in two parts beginning with statement 1 in
the proposition .

Part 1 (Pricing):

Exzxistence: Both revenue functions are continuous in p on P therefore the joint revenue
is continuous in p on P. The set P is compact and a continuous function on a compact set
achieves a maximum.

Uniqueness: First, we show that: among symmetric prices there is a unique joint profit
maximizing solution. We must argue that, for symmetric prices, the joint profit function is
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strictly concave. Based on the assumptions 1-4, for all x, we show there is a unique solution
to the problem constrained maximization problem

p"(w) = arg max {pD(p,w)|D(p,w) > x} for all w € (11)
p€[0,P]

for any subgame. If w is such that D(p™ (w),w) < x, then the solution to the maximization
(11) problem is the solution to the unconstrained problem p* (w), and the revenue is uniquely
equal to 7, since no other revenue can be greater. If the constraint binds, then the highest
price that uses all the capacity gives the most joint revenue. Since pD(p) is strictly concave,
pD(p) is strictly decreasing on [p™ (w), P]. Therefore, p such that D(p,w) = x has higher
revenue than any greater price. Any lower price sells to the same demand y at a lower price.
Hence, the symmetric joint profit maximizing price is uniquely determined by this equality
by inverting the demand function p™(w) = P(x,w). Thus, the monopoly revenue of any
period t is given by

M : M

—J T it D(p™,w) < x
Viix,w) = { ) ’ 12
=1 Pl i D(pV.w) > x 12

Next we show that: no asymmetric prices give higher joint revenue than p™.We will show,
case by case, that any asymmetric pricing does not maximize joint profit. Without loss of
generality lets impose that p; < p;.

Case 1: (z; > DM(w) and p; > p™). In this case p™ = pM. V/(p,z,w) = p;D(pi,w).
Instead if firm ¢ prices at p™ the joint profit is 7, which is greater than p;D(p;,w) by
definition of 7. Since, neither firm can have zero profit, firm j can price only at p™ and
still the joint profit is 7.

Case 2: (z; > DM(w) and p; < pM). In this case p™ = pM. V/(p,z,w) = p;D(p;,w).
Instead if both firms price at p* the joint profit is 7, which is greater than p; D(p;,w) by

definition of 7. Since, neither firm can have zero profit, firm j can price only at p™, not
higher.

Case 3:(p; # p™, 11 < DM(w), and 1 4+ 22 > D™(w)).
Case 3(i): The joint profit of the firms is V’/(p, z,w) = pix; + p; D(p;)(1 — x;/D(p;)) If
its firm j prices at p™ the joint profit is

VY (pi, oM, 2, w) pizi + 7 (1 — 2,/ D(p;))

D (Pz)

-~

(4)

For all p; # pM, A < 0 and the joint profit is less than 7. At p; = p™, A = 0 and the joint
profit is 7.
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Case 3(ii): The joint profit of the firms is V/(p,z,w) = piz; + p;z;. In this case p; <
p™ (because demand is decreasing in price). If firm j prices at p such that D(p,w)(1 —
z;/D(p;i,w) = x;, the joint profit increases. Further, it must be that p < p*. Hence (p;, p),
are prices in Case 3(i).

Case 4: (p; # p™, 21 < DM(w), and 1 + 2 < D™(w)).

Case 4(i): If p; > p™, then residual profit decreases for all prices in the interval [p;, p;].
Thus, firm j pricing at p; increases joint profit. Since residual profit is p; D(p;)(1—x;/D(p;)).

Case 4(i).a: If p; > p™, then firm j pricing at p; increases joint profit. Since residual

Vj(pivpmaxaw) = PiZ; + pm'rj < pm('rl + 1’2) = VJ(pmwwi)'

Case 4(i).b: If p; < p™, then the joint profit can be increased by setting p; = p™, since
the residual demand is decreasing on [p™, p;]. Further, firm ¢ can increase joint profit by
switching to p™:

VJ(piJ pm7 I,CU) = PiZ; + pmx] < pm('rl + l’g) - VJ(pmwr?w)'

Case 4(ii) If p; < p™, then the joint profit is V7 (p, z,w) = p;x; + p;x;. If firm i prices at
pi = pj, then the joint profit increase to p;(z; + x2).

Case 5(i): (p; <p; = p™, v1 < DM(w) and z; + x5 > D™(w)). If its firm j prices at p™
the joint profit is

- o (MR )

g

(4)

For all p; # pM, A < 0 and the joint profit is less than 7. At p; = p™, A = 0 and the joint
profit is mM.

Case 5(ii): (p; < p; = p™, 21 < DM(w) and z; + 22 < D™(w)). Firm i can increase joint
profit by switching to p™:

Vj(pia pma QI,OJ) = Di%; + pmxj < pm(xl + xZ) = VJ(pmvxaw)'

Part 2 (capacities):

Existence: In the first part of the proof we show there exists a joint maximal capacity
solution. It is straight forward from (12) to see that VJ(X,w) is bounded for all y > 0.
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Denote the joint profit with pricing p™ as a function of capacities Vj(ac) =F [VJ(:El +9,w)|—
c1(x1) — co(z2). Because each Vj(xl + 5, w) is bounded, the expectation E[VJ(xl +9,w)] is
also bounded. Since both costs are bounded on X, the entire expression VJ(x) is bounded on
X. Since lim, pnr P(x,w)x = 7™ and P(x,w)y is continuous in x, each state joint revenue
function is continuous. A expectation (F [Vj(xl + 29, w)]) over bounded continuous functions
is itself continuous. Combined with the continuity of the cost functions, the function VJ(:U)

is continuous. By assumption & is compact. A maximum exists for a continuous bounded
function on a compact set. m

Proof of Lemma 1. The proof that G (¢, z,w) > G5(p, z,w) if p’ > pis done by, straight
forward, case by case comparison of these gains. We break the proof into four cases.

Case 1: If 1 < D(p,w)/2, then the respective gains are:

Gi(p,z,w) = 0,and
Gi(p,z,w) = p'(min{zy, D(p',w)} — D(p',w)/2) > 0.

Case 2: If 1 + 22 > D(p,w) and 2 < D(p,w)/2, the then the respective gains are:

Gi(p,l‘,ﬁd) = P2, and

Gi(p',z,w) = p'min{zy, D(p',w)/2}.
First notice that if o < D(p/,w)/2, then Gi(p/,z,w) = pxe > pry. While, if z5 >
D(p',w)/2, then G5(p',x,w) = p'D(p’,w)/2. Based on the strict concavity of pD(p,w) and
the fact that p™(w) is the unique maximizer of this function, pD(p,w) is strictly increasing

on [0, p™(w)]. Thus, p'D(p',w)/2 > pD(p,w)/2. Since D(p,w) > x9, pD(p,w)/2 > pws.
Putting these inequalities together we have G35 (o', z,w) > G5(p, z,w).

Case 3: If 1 + z9 > D(p,w) and x5 > D(p,w)/2, then the respective gains are:
Gi(p,z,w) = pD(p,w)/2, and
Gl (pla Z, w) = p’D(p’, w)/2.
Based on the fact that pD(p,w) is strictly increasing on [0, p™(w)], G5 (¢, z,w) = p D(p',w)/2 >
pD(p,w)/2 = Gi(p, z,w).
Case 4: If D(p,w) > x1 > x9 > D(p,w)/2, then the respective gains are:
Gi(p,l’,(d) = 0P ('rl B D<:07 w)/2) , and
Gi(plv T, w) = p, (min{xlv D(pl7w)} - D(pla w)/Z) :

If 1 < D(p/,w), then Gi(p/,z,w) = p/ (z1 — D(p/,w)/2). This is clearly greater than
G5 (p,x,w), since both p’ > p and =1 — D(p/,w)/2 > x; — D(p,w)/2. If ;1 > D(p/,w),
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then G5 (p/,z,w) = p'D(p',w)/2. Again, the fact that pD(p,w) is strictly increasing on
[0, p™(w)] implies that p' D(p',w)/2 > pD(p,w)/2. Notice that pD(p,w)/2 > G5(p,x,w)
because z1 < D(p,w). Hence, G5(p', z,w) > G5 (p,z,w). m

Proof of Lemma 2. The main content of the proof of Lemma 2 is establishing four key
properties (recall that it has been imposed that p; < p; < p™): (i) V" is continuous in p; on
(P2, pi], (il) V7 is strictly increasing in p; on [p,, pi], (iii) the constraint set of (8) is compact,
(iv) if a price p; is in the constraint set of (8), then all prices p € [p,,p;] are also in the
constraint set. Then we use properties (i)-(iv) to show statements of Lemma 2 are true. Let
us first prove (i)-(iv)

Property (i): We begin by noting that V' is continuous in p; on [p,,p;). This is true
based on the fact that both components of V7 (V; and V3) are continuous in p; on [p,, p;),
and the fact that the sum of two continuous functions is a continuous function. We are left
to rule out a potential discontinuity at p; = p;, since both V; and V5 can be discontinuous
at this point. A discontinuity in V; or V; can only exist at p; = p; if ©1 + 22 > D(p;,w). Let
us consider this case and compare V7 at p; = p; to V7 as p; T p;.

For p; = p;, V/ = p;D(p;,w). For p; < p;, V? = p;D(pi,w) (1 — z;/D(p;,w)) + pjz;.
Now we take the limit as p; T p; and

Lj

lim VY = p,D(p;,w (1——
P D)

p;iTpi

) + pit;
= piD(pi,w).
Property (ii): If 2y + 2o < D(p;,w), then V/ = pyz; + poxs, which is strictly increasing
in p; on [7,pi]

It remains to show that when z, + x5 > D(p;,w), if p; > pjj, then V/ > V. 'We write
out V7 > V" below

piD(pi,w <1——]> +pjz; > piD(pi,w (1——]> + pha;. 13
( ) D(pj,W) 77 ( ) D( g’w) ) ( )
After some routine algebra, the expression in (13) is

piD(p'hw)
D(pj,w) - D(p};,w)

xfﬂm—mw- (mmwwiwmmﬂ>a (14)

By definition p; > p/;, which makes the first term in the block parentheses of (14) positive.
Since demand is strictly decreasing in price, p; > p/; implies that D(p};,w) > D(p;,w), which
makes the second term inside block parentheses of (14) positive. Putting the afore mentioned
properties together the inequality in (14) is indeed verified.

Property (iii): Now we show the constraint set is compact. First note that since both
additively separable pieces of G¢(p, x,w) is continuous in p; on [p,, p;|, the function G¢(p, z,w)



20

inherits the continuity. The constraint G¢(p,z,w) < L; is a weak inequality composed
continuous functions in p; on on [Py, p;], hence it is closed. The constraint set is a closed
subset of the compact set [p,, p;|, hence it is compact.

Property (iv): The final property is that if a price p; is in the constraint set of (8), then
all prices p € [p,, p;] are also in the constraint set. We show this by showing that G¢(p, z,w)
is strictly increasing in p; on [p,, p;]. This property is almost immediately inspection of the
(5), as the first term on the right-hand side is strictly increasing in p; on [p,, p;] and second
term the right-hand side terms (including the negative sign) is weakly increasing in p; on
[Py, pi]. Since L; is a constant, showing the maximal gain is strictly increasing is sufficient
to prove this property.

Now we turn to the statements of the lemma. First (i) and (iii) are sufficient conditions
for the existence of a solution to (8). Second, (ii) and (iv) give us the equilibrium character
in the lemma. Simply put, the maximizer p;(p;) must be the largest price in the constraint
set; this follows immediately from (ii). Based on (iv), if the price is less than the joint profit
maximizing price, then it is uniquely defined by the constraint set holding with equality. m

Proof of Lemma 3. The proof is organized as follows: First, we prove that a solution
exists to (9). This is done by showing that V7 (p;, ,w) = V2 (p;(pi), pi, x,w) is continuous
in p; on [py, p™], and that the constraint set is compact. Second, we prove the solution is
unique by establishing that V7 (pi, T, w) is strictly increasing in p; on [p,, p™].

(Ezistence) Before considering the continuity of ‘7‘](}%, x,w), we address the properties of
p;(p;). Particularly, we show that p;(p;) is continuous and weakly increasing in p; on [p,, p™].
G¢(p,z,w) is continuous in both prices as a function of both prices it is jointly continuous.
Since p;(p;) is defined by G¢(p,z,w) = L; if p;(p;) < p™, then the joint continuity of
G¢(p, z,w implies p;(p;) is continuous in p; on [p,, p]. By inspection of (5), we can see that
G¢(p, z,w) is strictly decreasing in p; on [p,, p™]. From the proof of Lemma 2 property (iv),
we know that G¢(p,z,w) is strictly increasing in p; on [p,, p;|]. Hence, to hold the equality
G¢(p,r,w) = L;, a increase in p; must be compensated with and increase in p;. (Note this
is only relevant if p; < p™, which implies that p; < p™.)

Now let us turn to showing that ‘N/J(pi,x,w) is continuous in p; on [py, p]. Based on
the proof of Lemma 2 property (i), V7 is continuous in both prices individually. A function
continuous in two arguments is jointly continuous in both arguments. Hence, V' is jointly
continuous in both prices for p such that p; € [p,, p™| and p; € [p,, pi]. Combining the two
facts we have established that V7 is jointly continuous and p;(p;) is continuous, it must be
that V7 (p;, ,w) is continuous in p; on [y, p™].

In order to establish that the constraint set is compact, we show that the function
9§ (pi,x,w) = g§(p;(pi), pi, T, w) is continuous in p; on [py, p™]. Again we appeal to the
fact that this function is continuous in both prices individually to imply that it is jointly
continuous in those prices. Based on this fact and that p;(p;) is continuous, ¢%(pi,7,w)
must be continuous in p; on [py, p™]. The constraint g§(pi, z,w) < L; is a weak inequality
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composed of continuous functions in p; on [p,, p;], hence it is closed. The constraint set is a
closed subset of the compact set [p,, p;], hence it is compact.

Based the fact that the objective function is continuous and the constraint set is compact,
a maximum exists.

(Character): Next we move to establishing the character of p¢.

The first step is establishing that V7 (ps, x,w) is strictly increasing in p; on [py, p™]. Based
of the proof of Lemma 2 property (ii), V7 is strictly increasing in p; on [p,, p;]. We have
also established that p;(p;) is weakly increasing in p; on [p,, p™]. We are left to show that
V7 is increasing in p; on [p;, p™]. We take the case that z1 + z9 > D(p;,w) and show that if
p; > pl, then V7 > V' which is written out below

xX; xX;
piD(pi,w (1——J)+p-x- > p.D(p;,w (1——J)+p-x-.
( ) D(pjvw) Y ( ) D(pjvw) I

piD(pi,w) > p;D(p;,w).

The final inequality must hold based on the fact that revenue is strictly increasing on [0, p™].
Recall that the expected revenue is strictly increasing on [0, p™| because pD(p,w) is strictly
concave and p™ its unique maximizer. Since ‘7‘](]%, x,w) is strictly increasing in p; on [py, p™],
p% is the largest price in the compact constraint set. Uniqueness of p% immediately follows
from the fact that the a compact subset of R has unique maximal element.

Now let us move to showing that p¢* is such that g¢(p}", z,w) = L; or py* = p™. Suppose
to the contrary that p%* < p™ and g5 (p¥, z,w) < L;. We proceed by showing a contradiction;
that there exists 7 > 0, such that p = pj* + 1 < p™ and g} (p, z,w) < L;.

Since £; > 0, there exists e > 0 such that fq';l(ﬁ;”, z,w) = L; —e. We write out the gain:
5?(p7x7w) = (ﬁ;”‘i‘ﬁ) min{D(ﬁi+n7w)7$j}_pjxj

< (@M + 77) min{D(ﬁgivw)vzj} — DT
= g5 (py", v, w) +nmin{ D(p}", w), z,}.

Define > 0 such that 7 < ¢/ min{D(p{",w), z;} and notice that §%(p,z,w) = L;. Hence,
p > pi is in the constraint set, which combined with the fact that V7(p;, z,w) strictly
increasing in p; on [pj, p™] is a contradiction to the optimality of p?*. m

Proof Lemma 4. The first part of the statement is essentially Fabra (2006) Proposition
1. The second part is just, for all z, define the term

0(z)=sup{d €[0,1] |V’ <6, A(z) N 9" =T }.

and notice that it meets the criteria of the statement of the proposition. m



22

References
[1] Abreu, D. “Extremal Equilibria of Oligopolistic Supergames.” Journal of Economic
Theory, Vol. 39 (1986), pp. 191-225.
[2] Abreu, D. “On the Theory of Infinitely Repeated Games with Discounting.” Economet-
rica, Vol. 56 (1988), pp. 383-396.
[3] Bagwell, K. and Staiger, R. “Collusion over the Business Cycle.” RAND Journal of
Economics, Vol. 28 (1997), pp. 82-106.
[4] Benoit, J. and Krishna, V. “Dynamic Duopoly: Prices and Quantities.” Review of
Economic Studies, Vol. 54 (1987), pp. 23-35.
[5] Besanko, D. and Doraszelski, U. “Capacity Dynamics and Endogenous Asymmetries in
Firm Size.” RAND Journal of Economics, Vol 35, (2004), pp. 429-451.
[6] Brock, W. and Scheinkman, J. “Price Setting Supergames with Capacity Constraints.”
Review of Economic Studies, Vol. 52 (1985), pp. 371-382.
[7] Compte, O., Frédeéric, J. and Rey, P. “Capacity Constraints, Mergers and Collusion.”
European Economic Review, Vol. 46 (2002), pp. 1-29.
[8] Dasgupta, P. and Maskin, E. “The Existence of Equilibrium in Discontinuous Economic
Games, I: Theory.” Review of Economic Studies, Vol. 53 (1986), pp.1-26.
[9] Dasgupta, P. and Maskin, E. “The Existence of Equilibrium in Discontinuous Economic
Games, II: Applications.” Review of Economic Studies, Vol. 53 (1986), pp. 27-41.
[10] Davidson, C. and Deneckere, R. “Long-Run Competition in Capacity, Short-Run Com-
petition in Price, and the Cournot Model.” RAND Journal of Economics, Vol. 17 (1986),
pp- 404-415.
[11] Davidson, C. and Deneckere, R. “Excess Capacity and Collusion.” International Eco-
nomic Review, Vol. 31 (1990), pp. 521-541.
[12] Dechenaux, E. and Kovenock, D. “Endogenous Rationing, Price Dispersion, and Collu-
sion in Capacity Constrained Supergames.” Economic Theory, forthcoming (2010).
[13] Deneckere, R., and Kovenock, D. “Price Leadership." Review of Economic Studies, Vol.
59 (1992), pp. 143-162.
[14] Fabra, N. “Collusion with Capacity Constraints over the Business Cycle.” International

Journal of Industrial Organizations, Vol. 24 (2006), pp. 69-81.



[15]

[16]

[17]

[18]

[19]

[20]

[24]

[25]

[26]

[27]

[28]

23

Glicksberg, I. L. “A Further Generalization of the Kakutani Fixed Point Theorem with
Application to Nash Equilibrium Points." Proceedings of the American Mathematical
Society, Vol. 38 (1952), 170-174.

Green, E. J. and Porter, R. H. “Non-cooperative Collusion Under Imperfect price In-
formation.” Econometrica, Vol. 52 (1984), pp. 87-100.

Haltiwanger, J. and Harrington, J. “The Impact of Cyclical Demand Movements on
Collusive Behavior.” RAND Journal of Economics, Vol. 22 (1991), pp. 89-106.

Kandori, M. “Correlated Demand Shocks and Price Wars During Booms.” Review of
Economic Studies, Vol. 58 (1991), pp.171-180.

Knittel, C. R. and Lepore, J. J. “Tacit Collusion in the Presence of Cyclical Demand
and Endogenous Capacity Levels.” International Journal of Industrial Organization, Vol
28 (2010), pp 131-144.

Kreps, D. and Scheinkman, J. “Quantity Precommitment and Bertrand Competition
Yield Cournot Outcomes.” Bell Journal of Economics, Vol. 14 (1983), pp. 326-337.

Lambson, V. E. “Optimal Penal Codes in Price-setting Supergames with Capacity Con-
straints.” Review of Economic Studies, Vol. 54 (1987), pp. 385-398.

Lambson, V. E. “Some results on optimal penal codes in asymmetric Bertrand su-
pergames .” Journal of Economic Theory, Vol. 62 (1994), pp. 444-468.

Lepore, J. J. “Cournot Outcomes under Bertrand-Edgeworth Competition with De-
mand Uncertainty” Mimeo, Orfalea College of Business, California Polytechnic State
Univesity, San Luis Obispo, (2010).

Levitan, R. and Shubik, M. “Price Duopoly and Capacity Constraints.” International
Economic Review, Vol. 13 (1972), pp. 111-122.

Osborne, M. and Pitchik, C. “Price Competition in a Capacity-Constrained Duopoly.”
Journal of Economic Theory, Vol. 38 (1986), pp. 238-260.

Peck, M. J. Competition in the Aluminum Industry: 1946-1958, Harvard University
Press: Cambridge, MA, 1961.

Rotemberg, J. and Saloner, G. “A Supergame-Theoretic Model of Price Wars during
Booms.” American Economic Review, Vol. 76 (1986) , pp. 390-407.

Scherer, F.M., Ross, D. Industrial Market Structure and Economic Performance,
Houghton and Mifflin Company: Boston, MA, 1990.

Staiger, R. W. and Wolak, F. A. “Collusive Pricing with Capacity Constraints in the
Presence of Demand Uncertainty.” RAND Journal of Economics, Vol. 23 (1992), pp.
203-220.



