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Abstract

I explore the implications of central bank transparency during foreign exchange
interventions and develop dynamic models in which investors are heterogeneously in-
formed about both interventions and fundamentals. The benchmark two-period model
presents the main result that transparency can often exacerbate any misalignment be-
tween the exchange rate and fundamentals. This is a consequence of two distinct effects
of transparency. First, transparency reveals some information about fundamentals to
investors (the truth-telling effect). Second, transparency increases the precision of the
exchange rate as a signal of those fundamentals that remain unknown (the signal-
precision effect). If a central bank announcement reveals little information about fun-
damentals, then this second effect dominates and transparency magnifies exchange rate
misalignment. In effect, partial information revelation is worse than no information
revelation. An important implication of this result is that a policy of ambiguity can in-
crease the effectiveness of intervention to support a declining currency during times of
crisis. This matches both central banks’ observed behavior in these turbulent episodes
and their justifications for more secretive intervention policies. The benchmark model
is extended to an infinite horizon and also expanded into a Bayesian signalling game.
In both cases, I demonstrate that the principal results do not change.
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1 Introduction

Over the past decade, a growing body of evidence has demonstrated that all but a few
countries exert some control over the value of their exchange rates. According to Calvo and
Reinhart (2002), this “fear of floating” is common not only among countries that openly
admit it, but also among those that claim not to let currency prices affect policy. Just as
central banks broadly agree about the desire to control their exchange rates, they broadly
disagree about the policies that should accompany these interventions, especially with regard
to transparency. In this paper, I develop dynamic models of foreign exchange intervention
that address these questions.

I focus on the issue of central bank transparency, specifically on the implications of
credible and truthful public announcements about the size and timing of foreign exchange
interventions as opposed to deliberate attempts to be secretive and create uncertainty about
those interventions. While there are other important aspects of central bank intervention
policy, the question of transparency is among both the most important and the most dis-
puted. Indeed, there is extensive evidence that central banks from around the world hold
opposing views about the implications of predictability versus unpredictability, and that
they implement different policies for different reasons (Bank for International Settlements
2005, Canales-Kriljenko 2003, Chiu 2003).

Two examples from the financial crisis highlight this lack of policy consensus. Both
Mexico and Russia faced intense capital outflows and speculative pressure as the price of risky
assets throughout the world declined in the months after the collapse of Lehman Brothers in
September 2008.! The Bank of Mexico has a longtime commitment to transparent foreign
exchange intervention, but at the height of this crisis in early February 2009, the bank
became convinced that transparency was hurting its efforts to stabilize the peso and abruptly
switched to a secretive and purposely ambiguous policy. In that month alone, the bank
spent nearly two billion dollars of its reserves in unannounced interventions.? In this same
period, the Bank of Russia fought a protracted battle with the markets over the falling ruble.
Its well-publicized attempts to initially guide the currency to an orderly and predictable
depreciation eventually gave way to a looser, more ambiguous policy in which the target

band for the ruble was substantially widened and made more flexible.® Ultimately, the Bank

!Between August 2008 and March 2009, both the Mexican peso and the Russian ruble lost more than
one third of their values against the US dollar before eventually stabilizing at slightly higher levels.

2Although these interventions were intentionally kept secret, the Bank of Mexico did reveal their size
publicly afterwards. For a discussion of the bank’s normally transparent policy, see Sidaoui (2005).

3In the second half of 2008, the Bank of Russia widened the target band for the ruble to 16.9% (top to
bottom) via a series of small adjustments. It then widened the band further to 28.9% in a little over one
week in January 2009. Two examples of some of the press coverage surrounding this episode are the articles



of Russia’s extensive interventions contributed to a loss of more than 200 billion dollars
in foreign exchange reserves (nearly 40% of the bank’s total reserves) in a period of only
six months. In both of these cases, policymakers appear to have been uncertain about the
best way to complement their interventions and to help effectively stabilize and defend their
currencies. In this era of enormous foreign exchange reserves and large-scale interventions,
a better understanding of the implications of these different policies is important.

The main prediction of my analysis is that central bank transparency can in fact mag-
nify any existing misalignment between the exchange rate and fundamentals. This follows
because a transparent intervention policy improves the precision of the exchange rate as a
signal of fundamentals (the signal-precision effect of transparency), and thus compels ra-
tional Bayesian investors to weigh that public signal more heavily in their expectations.
Although transparency reveals some information about fundamentals (the truth-telling ef-
fect of transparency) and thus also diminishes the signal value of the exchange rate, this
extra information can be outweighed by the extra precision provided by a public announce-
ment. It is precisely in these cases, when central bank announcements do not credibly reveal
sufficient information about fundamentals, that exchange rate misalignment worsens. Fig-
ure 1 plots the relationship between exchange rate misalignment and information revelation.
As shown, transparency magnifies misalignment for low levels of information revelation but
there exists a threshold at which transparency starts to reduce this misalignment. In effect,
partial transparency is worse than no transparency, while full transparency is best.

This conclusion has many implications. Arguably the most important is that a policy
of ambiguity will often increase the effectiveness of central bank intervention during periods
of crisis and large capital outflows. In these episodes, asymmetric information, pro-cyclical
liquidity provision, and psychology often lead to excessive sales of risky assets, as shown by
Brunnermeier and Pedersen (2009) and Shleifer and Vishny (1997). My model predicts that
it is precisely in situations like these, when risky countries’ currencies are undervalued and it
is difficult to credibly reveal information about fundamentals, that transparent interventions
to support a currency are less effective than more opaque and secretive interventions. In the
case of Mexico and Russia, the model argues that both countries would have likely benefited
from more secrecy and ambiguity—as they eventually chose—to go along with their extensive
foreign exchange interventions.

I build on a simple model of a cashless economy in which investors are heterogeneously
informed about both central bank interventions and fundamentals. The first model I present,

the benchmark two-period model, posits that foreign exchange interventions contain infor-

“The Flight from the Rouble” and “Down in the Dumps” from The Economist, November 20, 2008 and
February 5, 2009, respectively.
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Figure 1: The relationship between exchange rate misalignment and information revelation.

mation about part of exchange rate fundamentals. In the style of Grossman and Stiglitz
(1976), information about all future fundamentals is embedded in the current exchange rate
so that, by observing the price of currency, investors learn about these fundamentals and
update their beliefs. This learning is imperfect, however, as noise traders push the exchange
rate away from its fundamental value. Since the price of foreign currency is a publicly ob-
servable signal, any time that the exchange rate differs from its fundamental value average
beliefs about fundamentals will differ from the true value of fundamentals. Within this
framework, I demonstrate that transparency worsens exchange rate misalignment whenever
interventions reveal little information about fundamentals.

The benchmark model assumes that either the central bank’s chosen policy of trans-
parency is independent of the underlying state of the economy or investors are naive and
unable to infer anything from this choice of policy. While these assumptions simplify the
analysis, they are not realistic. Indeed, there is both theoretical (Angeletos, Hellwig, and Pa-
van 2006, Mussa 1981) and empirical (Bank for International Settlements 2005, Chiu 2003)
evidence that transparency policy is an important signal to investors. To explore this ques-
tion, I expand the two-period benchmark model into a Bayesian signalling game in which
the central bank has a clearly defined objective function and investors are not naive. Given a
set of assumptions for the model’s primitives, I prove the existence of a partially-separating

Bayesian equilibrium that preserves the intuition and analysis from the benchmark model.



The two-period benchmark model is also extended to an infinite horizon. This exercise
examines the robustness of the results in a more complete setting in which exchange rate
fundamentals are equal to the sum of time-discounted interest rate spreads and risk premia
(which are affected by foreign exchange interventions). The first of these infinite-horizon
models assumes that investors have common knowledge of the past. This causes higher-
order expectations to disappear and keeps the analysis relatively tractable, so that even
though a full analytic solution is not possible, an analytic characterization of the equilib-
rium conditions can be obtained. In this richer setup, I describe some cases in which trans-
parency magnifies exchange rate misalignment and provide exact numerical values for all of
the model’s endogenous parameters. The results match the benchmark model’s predictions.
The second infinite-horizon model assumes that investors have imperfect common knowledge
of the past. This causes higher-order expectations to be part of the steady-state equilibrium
as in similarly structured dynamic macroeconomic models with information heterogeneity
such as Bacchetta and van Wincoop (2006), Lorenzoni (2009), and Nimark (2010a).* With-
out common knowledge of the past, transitory noise trades permanently affect investors’
expectations of fundamentals and lead to persistent exchange rate misalignment. In this
setting, I show that this persistent misalignment can also be magnified by transparency

Throughout this paper, I consider the implications of a policy of publicly and truthfully
announcing the size of interventions versus a policy of secrecy. One advantage of focusing on
these two policies is that they have a clear economic interpretation in terms of the information
sets of investors, making rigorous theoretical analysis easier. In practice, however, a central
bank wishing to be transparent will often announce not only the size of a current intervention,
but also the size of past interventions, the size and timing of interventions planned for the

5 These considerations have a

future, and the likely stance of other policies in the future.
natural interpretation in my models. In particular, all of the results about central bank
transparency are statements about the extent of information that is revealed to investors,
and the conclusion is that the more information that is credibly communicated through a
public announcement, the less likely it is that transparency will exacerbate exchange rate

misalignment (as shown in Figure 1).

4There is a class of models in which the equilibrium is fully revealing even though agents are heteroge-
neously informed about fundamentals. The most famous example of this is given by Townsend (1983). As
shown by Kasa (2000), Pearlman and Sargent (2005), and Sargent (1991), the agents in Townsend’s model
can actually infer the information of others so that higher-order expectations are not part of equilibrium.
The investors in my dynamic model, in contrast, cannot infer other agents’ information and higher-order
expectations do not disappear.

®Dominguez and Panthaki (2007) and Gnabo, Laurent, and Lecourt (2009) provide empirical evidence
that many kinds of central bank statements related to foreign exchange interventions affect the exchange
rate.



A truthful central bank announcement affects investors’ beliefs in two different ways in
my models. First, and more apparently, any parameters the central bank reveals to investors
eliminate the role of the exchange rate as a signal of those parameters. This is the truth-telling
effect of transparency. Second, and less apparently, any parameters the central bank reveals
to investors increase the precision of the exchange rate as a signal of other, still-unknown
parameters, and hence increase the weight that investors place on the exchange rate signal
when forming their beliefs about those unknown parameters. This is the signal-precision
effect of transparency. These two effects push in opposite directions. The truth-telling effect
directly raises expectations of parameters for which average beliefs are too low. This tends to
reduce misalignment and appreciate an exchange rate that, because of sales by noise traders,
is undervalued relative to fundamentals. Conversely, the signal-precision effect indirectly
lowers expectations of parameters for which average beliefs are too low and tends to increase
misalignment and further depreciate an already undervalued exchange rate. A large signal-
precision effect explains why misalignment increases in the left side of Figure 1 while a large
truth-telling effect explains why misalignment decreases in the right side of the figure. The
main results of this paper characterize the conditions for which one effect dominates over
the other.

There are several important conditions that imply that transparency will magnify ex-
change rate misalignment. The most essential of these is that a central bank announcement
reveals only partial information about fundamentals (as shown in Figure 1), a condition that
limits the size of the truth-telling effect of transparency relative to the signal-precision effect.
If foreign exchange interventions instead contain extensive information about future policies
and fundamentals, then a transparent intervention becomes an important and credible source
of information, a point emphasized by Dominguez and Frankel (1993a), Mussa (1981), and

the whole literature about the signalling hypothesis.®

My models are consistent with this
observation since they predict that transparency reduces exchange rate misalignment and
increases the effectiveness of interventions (if the central bank’s goal is to reduce misalign-
ment) in these cases. One of this paper’s contributions, however, is to build on this logic of
the signalling hypothesis by exploring the interaction between partial information revelation
and currency mispricing and showing that transparency can in fact exacerbate exchange rate
misalignment if interventions are not sufficiently informative about future fundamentals and
policies.

The mechanism I describe in this paper matches well with the justification that central

banks often provide for their ambiguous policies. In particular, survey evidence from Bank

6Sarno and Taylor (2001) and Vitale (2007) both provide excellent surveys of the signalling-hypothesis
literature (and the intervention literature, more broadly), while Kaminsky and Lewis (1996) empirically
examine the relationship between interventions and future fundamentals.



for International Settlements (2005) and Chiu (2003) indicates that central banks worry that
unsuccessful transparent interventions might undermine both a bank’s credibility and the
market’s confidence in its currency. Central banks are concerned that highly visible and
extensive interventions coupled with continued undesirable movements in the exchange rate
will intensify doubts about a bank’s ability to achieve its goals. Indeed, a transparent failure
of this nature publicly reveals the market’s true sentiment about exchange rate fundamentals
and magnifies pessimism among market participants with different beliefs. This paper gives

these intuitive but vague ideas a precise meaning within a clearly specified economic model.

1.1 Related Literature

My models assume that domestic and foreign assets are imperfect substitutes, which ensures
that foreign exchange interventions alter the currency risk premium and have a permanent
effect on the exchange rate. There remains, however, a considerable amount of both theoret-
ical and empirical uncertainty about the relative impact of interventions that leave interest
rates and the money supply unchanged. Indeed, as described by Edison (1993), some of the
earliest literature on this topic concluded that interventions only affect the exchange rate by
enhancing the credibility of future policy. I emphasize that this paper’s main results do not
require that interventions have a persistent impact on the exchange rate. In fact, even if 1
assume that interventions have no predictable effect on the exchange rate at any horizon, the
results remain intact as long as interventions have an effect on the volatility of the exchange
rate.”

Recently, a growing empirical literature has shown that foreign exchange interventions
do have an immediate and statistically significant impact on exchange rates regardless of
whether or not a central bank publicly announces the size and timing of its interventions.
This literature includes Chaboud and Humpage (2005), Dominguez and Frankel (1993b),
Dominguez and Panthaki (2007), Fatum and Hutchison (2003), Ghosh (1992), Ito (2002),
Kearns and Rigobon (2005), and Payne and Vitale (2003), among others. No consensus has
been reached, however, about how much of this impact is due to direct, portfolio-balance
effects versus indirect, signalling effects, and how persistent these effects are.

Much recent research has emphasized the interaction between market expectations and
central bank interventions. On the theoretical side, both Bhattacharya and Weller (1997)
and Vitale (1999) incorporate ideas from the literature on microstructure and order flow
in asset pricing and develop models in which interventions have large effects on market

expectations. The market participants in their models observe order flow and rationally

"Beine, Lahaye, Laurent, Neely, and Palm (2007) provide recent evidence that interventions increase
exchange rate volatility, while Vitale (2007) presents a survey of some of the past literature on this topic.
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infer what an intervention reveals about fundamentals so that an intervention that has only
a temporary effect on order-flow can still have a lasting impact on the exchange rate by
affecting the foreign exchange market’s information. These models do not examine the
interaction between transparency, central bank information revelation, and exchange rate
misalignment as [ do, but they still find that public announcements are often neither desirable
nor credible if central banks’ objectives are not consistent with exchange rate fundamentals.
On the empirical side, Dominguez and Panthaki (2007) show that both falsely reported
interventions and unrequited interventions—interventions that the market expects but do
not materialize—have statistically significant effects on the exchange rate. This observation
leads inexorably to the conclusion that interventions influence the beliefs of currency traders
in important ways.

There is a vast and insightful literature on managed exchange rates. Its focus is pri-
marily on fixed currency pegs, in which no movement in the exchange rate is allowed, and
target zones, in which the exchange rate is allowed to float freely only within some specified
range. Among the most notable contributions are those of Flood and Garber (1984), Hell-
wig, Mukherji, and Tsyvinski (2006), Jeanne and Rose (2002), Krugman (1991), Morris and
Shin (1998), and Obstfeld (1996). In general, the fixed exchange rate literature focuses on
the causes and consequences of speculative attacks and currency crises, while the target zone
literature focuses on the effects of policy on expectations of the future and hence on the value
of today’s exchange rate.® I consider foreign exchange interventions as part of a managed
floating exchange rate, although the logic behind my results applies to fixed currency pegs
and target zones as well.”

The structure of my models shares much in common with other models of imperfect
information in asset-pricing and crises. Indeed, the benchmark two-period model operates
in an environment that is similar to the asset-pricing and crisis hybrid model of Angeletos
and Werning (2006). It is no surprise, then, that ny model replicates one of their main
insights—the positive relationship between the precision of agents’ private signals of fun-
damentals and the precision of the exchange rate as an endogenous public signal of those
fundamentals. Angeletos and Werning (2006) examine this relationship’s implications for
the equilibrium outcome in global coordination games but do not consider the possibility
of price manipulation as I do. Given the similarity between the two models, an extension
of this paper’s main results about transparency and currency mispricing to a global-games
setting is likely a promising direction for future research.

The extension of the benchmark model to an infinite horizon with perpetually disparately

8Krugman and Rotemberg (1992) link these two and analyze speculative attacks against target zones.
9In the case of a fixed currency peg, interest rates are an important price signal that can be manipulated
by central banks.



informed traders adopts assumptions that are similar to the assumptions in the asset-pricing
models of Allen, Morris, and Shin (2006), Bacchetta and van Wincoop (2008), Kasa, Walker,
and Whiteman (2007), and Nimark (2010b). Each of these papers shows that persistent gaps
between prices and fundamentals are common in such an environment, as is the case in my
model. These papers emphasize this gap and offer a compelling explanation for several
important empirical puzzles in finance, but they do not examine price manipulation as I do.

The idea that transparency might have counterintuitive implications and lead to bad
outcomes is also explored by Angeletos and Pavan (2007), Cornand and Heinemann (2004),
and Morris and Shin (2002). These papers consider environments in which high levels of
coordination among agents can be socially suboptimal and examine how public information
facilitates this coordination and can lead to undesirable effects. These environments are static
and highly stylized so that actions, information, and payoffs may be interpreted to represent
many different things. My model avoids any analysis of total welfare and is instead a positive
exercise in the interaction of asset-price manipulation and central bank transparency.

Bannier and Heinemann (2005) examine the effects of central bank transparency in the
context of currency crises and global games. Their main conclusion is that transparency helps
prevent a crisis when prior beliefs about fundamentals are pessimistic since transparency
causes agents to place greater weight on their private information when forming expectations.
While this paper’s results do share some of this same logic, my emphasis is primarily on the
interaction between partial information revelation and deviations of asset prices from their
fundamental values.

Chamley (2003) develops a model in which speculators learn about fundamentals by
observing the exchange rate move within a target band. He examines how speculators’
ability to coordinate an attack against this band is affected by the information present in
the exchange rate, and concludes that any central bank policy that reduces exchange rate
volatility facilitates such coordination. Once again, my results do share some of this same
logic, but my emphasis is on partial information revelation and asset mispricing rather than
coordination.

Bond and Goldstein (2010) present a model in which the government intervenes to help
firms with weak fundamentals. They investigate how different intervention and transparency
policies affect price misalignment and find that price-based trading rules usually worsen this
misalignment. While the authors do discuss the potentially deleterious effects of trans-
parency, their emphasis is primarily on the benefits of government actions that rely on
private rather than public information.

The paper is organized as follows. Section 2 presents the benchmark two-period model

and the main results about central bank transparency. Section 3 expands the benchmark



two-period model into a Bayesian signalling game. Section 4 extends the benchmark two-
period model to an infinite horizon, with Section 4.1 considering the case in which investors
have common knowledge of the past and Section 4.2 considering the case in which investors
are perpetually disparately informed. Section 5 concludes. The proofs for all the results
from Sections 2 and 3 are provided in Appendix A, and the proofs for all the results from

Section 4 are provided in Appendix B.

2 Benchmark Two-Period Model

There are two periods, t € {1,2}, and two countries, home and foreign. I shall refer to the
home country’s currency as the dollar and the foreign country’s currency as the peso. There
is only one good and its price in each country is linked by the law of one price, so that
et +pf = p; in each period ¢, where p, is the log of the price of the good in the home country,
p; is the log of the price of the good in the foreign country, and e; is the log of the nominal
exchange rate, which is defined as the dollar price of one peso.

Three assets are traded in this economy: a nominal one-period bond issued by the do-
mestic central bank with return 4;, a nominal one-period bond issued by the foreign central
bank with return ¢, and a risk-free technology with real return r. The payoffs of all as-
sets are realized in period two. I assume that the domestic central bank credibly commits
to a constant domestic price level in all periods so that the interest rate on dollar bonds
71 is equal to r. Without loss of generality, this constant price level is normalized so that
p1 = po = 0, which implies that the log-linearized real return on foreign bonds is equal to
—p5 —e1 + 1] = ey — ey +1]. In the foreign country, the interest rate in period one is given
by ii = p 4+ r, where o € R. All investors observe i1, i}, and e; publicly in period one.

In this benchmark model, the exchange rate in period two is exogenously given by
es = [+ K, (2.1)

where f € R represents exchange rate fundamentals in period two and x ~ N(0,02) is a
shock to the exchange rate in period two.!® The infinite-horizon extension of this model

presented in Section 4 gives a more precise meaning to the parameters f and . In that

10 An alternative interpretation of & is that it represents the part of fundamentals in period two that cannot
be predicted or known in period one. This does not change any of the model’s predictions.
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model, exchange rate fundamentals are equal to the time-discounted sum of spreads between
foreign and domestic interest rates plus the time-discounted sum of risk premia, with the
discount factor determined by the structure of the foreign central bank’s interest rate rule.!!
The shock to the exchange rate is then the sum of the innovations in the stochastic processes
for the foreign central bank’s interest rates and purchases of peso bonds.

The economy is populated by a continuum of investors indexed by ¢ € [0,1]. Each
investor is endowed with real wealth w; € R at the beginning of period one and has negative
exponential utility over her consumption in period two. Because the log-linearized excess
return of peso bonds is equal to e; — e; + 17 — i1 = e3 — €1 + 1, the maximization problem

solved by each investor ¢ is given by

rbrilgﬂg — B exp{—vci}, subject to  ¢;p = (1 +i1)w; + (ea — €1 + )by, (2.2)
where b; is the dollar amount of investor ¢’s purchases of peso bonds in period one, ¢;o is
the quantity of the economy’s only good consumed by investor 7 in period two, v > 0 is
the coefficient of absolute risk aversion, and Ej;[-] denotes the conditional expectation with
respect to the information set of investor ¢ in period one. In addition to the investors, the
economy also consists of a mass of noise traders that purchases £ dollars worth of peso bonds
in period one, where £ ~ N(0, ag). The net supply of peso bonds is equal to zero.

The foreign central bank complements its interest rate policy in period one with a for-
eign exchange intervention in which it purchases v € R dollars worth of peso bonds. This
intervention affects the exchange rate in period one since it changes the total demand for
peso bonds in that period. In period two, the relationship between the exchange rate and
the central bank’s intervention is more complex. I assume that exchange rate fundamentals

in period two are given by
fzeff0+‘9ufua (23)

where fy € R represents the part of fundamentals that is unrelated to the foreign central
bank’s intervention, f, € R represents the part of fundamentals that is related to the bank’s
intervention, and 6,6, > 0 are constants. The constant ¢, measures the extent of the
relationship between fundamentals and the central bank’s intervention, with an increase
(decrease) in 6, corresponding to a greater (lesser) connection between fundamentals and

intervention. To keep this two-period model simple, I assume that the bank’s intervention

HTn a standard dynamic monetary model, fundamentals are equal to the time-discounted sum of future
values of the foreign money supply (relative to the domestic, constant money supply), with the discount
factor determined by the semi-elasticity of money demand with respect to the interest rate.
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is equal to the part of fundamentals related to that intervention:

v=f,. (2.4)

Equation (2.4) implies that all of the foreign central bank’s intervention in period one con-
veys information about fundamentals, but it is important to emphasize that the model’s
predictions do not change if this is generalized so that there is a noise term as part of the
intervention.'? The form of equations (2.1), (2.3), and (2.4) are common knowledge among
all investors.

The relationship between exchange rate fundamentals in period two and the foreign
central bank’s intervention in period one as described by equations (2.3) and (2.4) merits
some discussion. The most narrow interpretation of the constant 6, from these equations
is that it measures only the time-discounted effect of persistent interventions on future risk
premia (a determinant of fundamentals), and that interventions are unrelated to all other
determinants of the exchange rate. This implies that interventions only have direct, portfolio-
balance effects on the exchange rate and are useful as signals about only future intervention
policy. In the infinite-horizon extension of this model presented in Section 4, I consider
precisely this kind of setup.

The constant 6, captures more than just the direct effect of persistent central bank
interventions, however. In particular, a higher value of this constant may also represent a
partial correlation between other exchange rate fundamentals in period two and the bank’s
intervention in period one. For example, a large foreign exchange intervention may be
a highly credible signal of the central bank’s future macroeconomic policies (which affect
exchange rate fundamentals), as emphasized by Dominguez and Frankel (1993a) and Mussa
(1981). Even if an intervention is not a clear signal of future policies, it is still likely that the
bank’s choice of intervention is influenced by its beliefs about fundamentals and its future
policy intentions. In this case, the intervention is still a source of information about future
fundamentals as in the setups of Bhattacharya and Weller (1997) and Vitale (1999).

Because 6, measures the extent of the relationship between fundamentals and interven-
tion, it also measures the extent of information revelation about fundamentals when the
foreign central bank publicly and credibly announces the value of v. In particular, the more
information about fundamentals that is contained in the bank’s intervention, the more in-

formation about fundamentals that is revealed by publicizing that intervention. The central

12Vitale (1999) starts from a central bank loss function and derives an optimal intervention rule that
consists of one part that is a linear function of fundamentals as in equation (2.4) and another part that
is a linear function of the bank’s target value for the exchange rate. Because the bank’s target is both
uncorrelated with fundamentals and unknown to investors, this part of the intervention is like a noise term.

12



result I present from this two-period model states that information revelation must be large
(6, must be large) if transparency is to reduce exchange rate misalignment. This follows
because the truth-telling effect of transparency is increasing in the extent of information
revelation, so that this effect is larger than the signal-precision effect once the information
about fundamentals that is revealed by the central bank’s intervention is extensive enough.

I assume in this benchmark model that investors have uninformative priors for f, and
v.13 Each investor i receives private signals z; = fo +¢; and y; = v + 1, in period one, where
e ~ N(0,02), n; ~ N(0, O'%), ¢; and 7; are independent, and all noise terms are independent
across investors. In equilibrium, investors rationally combine their private signals with the
information about both fy and v that is present in the exchange rate in period one.

Let F denote the information set consisting of all common public information together
with fo and v. The aggregate demand for peso bonds by the investors is equal to the average
demand of the investors and is denoted by B = E [b; | F].** Tt follows that the total demand
for peso bonds in period one is equal to B+&+v. Let B[] = E[E;[] | F] denote the average
expectation of investors in period one, and let Var;;[-] denote the conditional variance with
respect to the information set of investor i in period one and Var,[-] = E [Var;[-] | F] the
average conditional variance of investors in period one. Finally, let 0? = Var[e,] denote the
average conditional variance of the exchange rate in period two. All proofs from this section

are in Appendix A.

Definition 2.1. An equilibrium of this economy is a function for the exchange rate in period
one ey, such that (i) the demand for peso bonds by each investor b; solves the maximization
problem (2.2), where investor i’s information set consists of all common public information
together with z;, y;, e1, and, if the foreign central bank announces its intervention, v as well;
(ii) the peso bond market clears: B 4+ £ + v = 0; (iii) the exchange rate is a linear function
of the demand for peso bonds by noise traders £, the foreign central bank’s intervention v,

the interest rate parameter u, and the fundamentals parameter f.

In this definition of equilibrium, the foreign central bank’s transparency policy does not
convey any information about the parameters of the model, an assumption that is essential
in order to keep the analysis in this model tractable. I relax this assumption in Section 3

and investigate how signalling affects the equilibrium predictions of this model.

13 An alternative but equivalent assumption is that investors’ priors for fy and v are uniform over R.

14This notation is commonly written B = fol b; di, with the understanding that this integral is equal to
the average across investors. As detailed by Judd (1985), however, the law of large numbers often does not
hold for a continuum of random variables. I avoid this technical issue by explicitly defining continuums of
this kind as the expected value of an individual investor’s demand conditional on observing the parameters
of the model.
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Theorem 2.2. The equilibrium exchange rate in period one is given by
e1=p+ [+t + X, (2:5)

where X\ and o3 are given by the solution to

A07a? + N0, (0, + voi)on
B 0702 + (0, +y07)?02 + N0
(0202 + 0, (0, +~02)02)’
0302 + (0, +07)%02 + N20f

+ 0, (2.6)

o = 0707 + 630727 + 02— (2.7)

The parameter A in the expression for the equilibrium exchange rate from Theorem 2.2 is
always positive and measures the magnitude of currency mispricing for any demand by noise
traders £. An increase in A corresponds to an increase in exchange rate misalignment, holding
other terms constant. A number of important properties of the equilibrium exchange rate
stand out. First, the effects of noise traders on the exchange rate extend beyond the standard
demand channel since A > vo?. In models with rational expectations and heterogeneously
informed investors such as this, the equilibrium exchange rate is a publicly observable signal
of both the part of future exchange rate fundamentals unrelated to the intervention f, and
the part that is related to the intervention f, (or equivalently, the exchange rate is a signal
of the central bank’s intervention v). Noise traders drive the exchange rate away from its
fundamental value by altering the total demand for peso bonds, which then biases the average
expectations of investors about both fy and f,. The difference between A and vo? captures
this extra effect and is exactly equal to the bias in investors’ expectations.

A sketch of the proof of Theorem 2.2 illustrates this point. Market clearing implies that
the exchange rate in period one is of the form e; = p + E1[f] + vo2(v + &). Solving for the
equilibrium requires evaluating the average expectation E[f] and determining how much
weight it places on the noise term &. This weight makes up the bias of investors’ average
expectations of fundamentals f. Evaluating this expectation is accomplished using standard

Bayesian formulas. In particular, these formulas imply that for each investor i,

COV’L' [f? 61]
Eiqlfl = 0,z A VAL SYPR o) 2.
i [f] Qf.TZ +9,,y, + Vari[el] (61 1[61]), ( 8)
where E;[], Var;|-], and Cov;]-, -] denote, respectively, the expected value, variance, and co-

variance with respect to the information set consisting only of p and the private signals
x; and y; (no observation of e; in this information set). The exchange rate in period one
is of the form e; = pu+ f 4+ voiv + X = p+ 0 fo + (0, + voi)v + A, so it follows that
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e1 — Eiler] = f— (052 + 0,y;) + 03 (v — y;) + A¢ and hence that e; — E[e;] = A¢. This last

equality implies that
- COVi[f, 61]

Eilfl=f+ Var[e1] AE, (2.9)

so that the bias of investors’ average expectations is equal to the last term in equation (2.9).
This term reflects the fact that the exchange rate in period one contains information about
f (since Cov;[f, e1] is nonzero) and thus its value contributes to equilibrium expectations.

For most parameterizations of this model, X is increasing in both the variance of investors’
private signals about future fundamentals o, and the extent of the relation between exchange
rate fundamentals and the central bank’s intervention 6,. An increase in the unpredictability
of noise traders o, can either increase or decrease the value of A, although the magnitude of
this response tends to be significantly smaller than the response to an increase in o, or 6,.

The fact that X is decreasing in the precision of investors’ private signals about f, implies
that the precision of the exchange rate as a public signal of fj is increasing in this precision.
This follows because the term A\ multiplies ¢ in equation (2.6), so a decrease in A implies a
decrease in the variance of the exchange rate assuming that o¢ remains unchanged. Intu-
itively, this increase in precision is a consequence of investors with better private information
trading more aggressively and moving the value of the exchange rate closer to its fundamen-
tal value, a property examined by Angeletos and Werning (2006) in a model of asset-pricing
with heterogeneous private information similar to this one.

The effect of an increase in the variance of investors’ private signals about the foreign
central bank’s intervention in period one o, are the most interesting. As I shall prove in
Theorem 2.4 below, if the parameter )\ is greater than the corresponding parameter when
the central bank makes a public announcement about v (denoted by 5\), then this must be
the case for all o, > 0. In other words, if the bias in investors’ average expectations is
larger (smaller) with transparency than without transparency, then this bias must be larger
(smaller) regardless of the precision of investors’ signals about central bank interventions. I
also find that A is increasing in o, whenever A > A and decreasing in o, whenever \ < A
This implies that decreases in the precision of investors’ signals about interventions always
magnify the difference in exchange rate misalignment with and without transparency.

In order to examine the effects of transparency on the price of the peso, it is necessary
to solve for the equilibrium exchange rate when the central bank credibly and publicly
announces the value of v in period one. Let é; denote the exchange rate in period one if the

central bank truthfully announces the value of v to the investors.
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Theorem 2.3. If the foreign central bank credibly and publicly announces the value of v in
period one, then the equilibrium exchange rate is given by
&y =+ f 4520+ A€, (2.10)

where \ and a2 are given by the solution to

A= —— + 767, 2.11
9]20062 + )\202 7 ( )
Piot
0702 + Nog

In contrast to the system of equations from Theorem 2.2, this system of equations is
simple enough to solve analytically. In the equilibrium with transparency, the effects of noise
traders on the exchange rate again extend beyond the standard demand channel and bias
investors’ average expectations of fundamentals. As in the equilibrium with no transparency,
the difference between \ and 76?2 captures this extra effect and is equal to the bias of investors’
expectations. Furthermore, \ is again positive and measures the magnitude of exchange rate
misalignment with fundamentals, so it follows that any time A > A transparency magnifies
this misalignment. The final step is to compare the values of the parameters A and A and

examine when this inequality holds.

Theorem 2.4. There exists a unique threshold 0, > 0 such that A > \ if and only if 6, < 0,.
This threshold is given by 6, =\— 762, and satisfies

lim éy = 00, lim éy =0,
oe—0 Og—00
202 2

. A v ng'e . A

| 0, = —o 1 6,=0
onlino Y1+ 729]%(7620'52’ Jnlinoo Y ’

A A 1

lim 6, =0, lim 0, = —,
9f*>0 9f*>OO ’)/O'E
lim 6, = 0, lim 6, = 0.
'Y"O Y—00

Corollary 2.5. If 0, < é,,, then there exists a threshold f € R such that 1 < ey if and only
if € < €.
Theorem 2.4 and Corollary 2.5 together present the main results of all of the models and

extensions presented in this paper. The theorem states that exchange rate misalignment is

magnified by transparency (5\ > \) whenever the information content of the central bank’s
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intervention is sufficiently limited (0, < é,,) Because transparency also affects the peso
risk premium (usually by lowering it), this magnification must be significant enough to
outweigh this change in the risk premium if an announcement is to depreciate the peso.
The corollary describes precisely when this magnification is significant enough. It states
that transparency depreciates the exchange rate relative to ambiguity whenever the peso is
sufficiently undervalued relative to fundamentals. Theorem 2.4 and Corollary 2.5 together
imply that exchange rate undervaluation together with transparency can in fact magnify
currency mispricing and reduce the effectiveness of foreign exchange interventions intended
to move the exchange rate closer to its fundamental value.

This result has implications for policy during times of crisis. In these episodes, asym-
metric information, pro-cyclical liquidity provision, and psychology often lead to excessive
sales of risky assets, as shown by Brunnermeier and Pedersen (2009) and Shleifer and Vishny
(1997). This translates to a negative value of £ in this benchmark model, so that if an inter-
vention does not contain much information about future policies and fundamentals (6, < éy),
Corollary 2.5 implies that a public announcement about that intervention often depreciates
the exchange rate. In this case, the central bank can achieve a higher exchange rate if it
does not publicly announce the size of its intervention.

Theorem 2.4 implies that it is only if the information revealed by a public announcement
of the foreign central bank’s intervention is sufficiently incomplete (6, < é) that exchange
rate misalignment may be magnified by transparency. Recall the two distinct effects of
transparency: the truth-telling effect, which reduces currency mispricing, and the signal-
precision effect, which magnifies currency mispricing. The truth-telling effect refers to the
fact that any parameters the central bank reveals to investors eliminate the role of the
exchange rate as a signal of those parameters. The signal-precision effect refers to the fact
that any parameters the bank reveals to investors also increase the precision of the exchange
rate as a signal of other, still-unknown parameters. Theorem 2.4 states that it is precisely
when information revelation is incomplete that the truth-telling effect of transparency is small
relative to the signal-precision effect of transparency. If information revelation is complete
0, > é,,), on the other hand, Theorem 2.4 implies that the truth-telling effect will exceed the
signal-precision effect and transparency will lessen exchange rate misalignment. While this
analysis ignores the effect that transparency has on the conditional variance of the exchange
rate in period two (which is part of the peso bond risk premium ~o?), it captures the essence
of how transparency affects the equilibrium outcome of the model.!®

The behavior of A relative to A is shown graphically in Figures 2, 3, 4, and 5. The baseline

parameterization shown in Figure 2 is chosen to match the baseline parameterization of the

I5Tf X > )\, then transparency sometimes increases this conditional variance by increasing the noise in e;.
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richer dynamic model of Section 4 (shown in Figure 7 of that section). Figure 3 presents
this same parameterization except that the variance of investors’ private signals about the
central bank’s intervention o, is smaller. This has the effect of bringing A and A closer
together without changing the threshold 0, (the point where the two lines intersect). Figure
4 presents the same parameterization as in Figure 3 except that now the unpredictability
of noise traders o¢ is smaller. This has the effect of increasing both A and A and increasing
the threshold 6,. Finally, Figure 5 presents the same parameterization as in Figure 4 except
that now a smaller part of fundamentals is unrelated to the central bank’s intervention (6
is smaller). This has the effect of decreasing both A and X and decreasing the threshold 0,.

A more detailed discussion of the truth-telling and signal-precision effects of transparency
is warranted. If the foreign central bank credibly and truthfully announces the value of its
intervention v in period one, then investors all perfectly learn both this value and the value
of the part of fundamentals correlated with the intervention f,. This implies that they no
longer form expectations of f, as part of their expectations of the fundamental value of the
peso, so that Cov;[f,e;] becomes smaller and the multiplier on the noise traders’ demand
¢ in the average expectation E;[f] decreases, as shown by equation (2.9). If the demand
of noise traders is negative (¢ < 0), then the exchange rate is undervalued and investors’
expectations of fundamentals f are biased downwards. In this case, learning f, eliminates
some of this bias and causes investors’ expectations to increase and approach the true value
of f. This is the truth-telling effect of transparency.

In addition to revealing f, to investors, a foreign central bank announcement increases
the precision of the exchange rate in period one as a signal of the part of fundamentals
that is not related to this intervention f;. This means that Var;[e;] also becomes smaller,
which increases the multiplier on the noise traders’ demand ¢ in the average expectation
E,[f] (again by equation (2.9)). This is simply a consequence of rational Bayesian investors
placing a greater weight on a more precise signal when forming their beliefs about these
fundamentals, and the implication is that some of the bias of investors’ expectations of
f (specifically, the bias of expectations of fy) actually is magnified after a central bank
announcement. If the demand of noise traders is negative (and hence this bias is negative),
then learning the value of v causes investors’ expectations to decrease further away from the
true value of f. This is the signal-precision effect of transparency.

Consider two special cases. First, in the limit as 6, — 0, the foreign central bank’s inter-
vention in period one neither directly affects nor conveys any information about exchange
rate fundamentals in period two. This intervention introduces only noise into the exchange
rate in period one. In this case, learning the value of v tells investors nothing about funda-

mentals f and eliminates none of the bias of investors’ expectations of f, but it does increase
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the precision of e; as a signal of f. This means that there is no truth-telling effect and only
a signal-precision effect of transparency. Theorem 2.4 confirms that this is indeed the case,
since the threshold él, is always positive and hence 6, < él, and A > \ once 0, is sufficiently
close to zero.

Second, in the limit as 0; — 0, the foreign central bank’s intervention in period one fully
reveals all future exchange rate fundamentals (since f, becomes all of fundamentals). Much of
the early literature about the signalling hypothesis, such as Dominguez and Frankel (1993a)
and Mussa (1981), posits an environment similar to this special case when arguing that
transparency is desirable and can effectively reduce exchange rate misalignment. Theorem
2.4 demonstrates that this benchmark model is consistent with these authors’ analysis, since
6, — 0 as 0 — 0 and 6, is positive by assumption. It is important to emphasize, however,
that as the information about future fundamentals that is embedded in the central bank’s
intervention declines, the benefits of transparency become more tenuous.

An important implication of Theorem 2.4 is that whether or not transparency magnifies
exchange rate misalignment does not depend on the variance of investors’ private signals
about central bank interventions o, (this is shown in Figure 3). This follows because the
threshold 6, is only a function of the exchange rate parameters \ and 5%, which do not
depend on o, since they correspond to a central bank policy of transparency (and hence
o, = 0). As mentioned earlier, an important consequence of this is that changes in the
precision of investors’ private signals of v cannot swing the balance between the truth-telling
and signal-precision effects of transparency. More precisely, if A > A or A < A, then this
relationship must hold for all o, > 0.

In fact, I find that increases in o, tend to magnify the difference between the parameters
A and A. Because A does not change as o, increases, this implies that A is increasing in
o, whenever A > A (and hence 6, > 6,) and decreasing in o, whenever A\ < A (and hence
0, < él,) These properties are shown in Figure 6. This result is significant because it implies
that all of this model’s predictions about transparency and exchange rate misalignment apply
even when the foreign central bank reduces rather than eliminates the variance of investors’
private signals about interventions. In reality, rather than choosing between full transparency
and full ambiguity, central banks choose from a set of different policies that are distinguished
by their overall effect on the level of transparency.

This benchmark model formalizes the intuitive but vague justifications that central banks
often provide for their ambiguous policies. Theorem 2.4 shows that banks are right to worry
that unsuccessful transparent interventions might undermine the market’s confidence in their
currencies, since transparency makes it easier for investors with different beliefs to learn

each others’ information and hence for pessimism to intensify and spread. In other words, if
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investors observe a depreciated currency together with an extensive intervention, then they
conclude that fundamentals are worse than they previously thought. This reasoning implies
that both Mexico and Russia would have likely benefited from more ambiguous intervention
policies during the financial crisis, and it provides an explanation for why Mexico and Russia
eventually made such a policy switch.

The model provides two key insights that guide this intuition of the central banks. First,
it is only if the information that banks reveal to the public is sufficiently partial that trans-
parency can magnify exchange rate misalignment. If central banks can credibly reveal enough
information about fundamentals, then transparency is usually stabilizing and will tend to
reduce currency misalignment. This highlights the importance of a central bank’s ability
to reassure markets by making credible public announcements about current and future
policies. Second, if transparency does magnify exchange rate misalignment, then ambiguity
appreciates only an undervalued currency. This observation highlights the importance of
the information advantage of central banks. In a world with rational expectations, it is only
if a currency is undervalued that ambiguity can increase the effectiveness of an interven-
tion designed to appreciate that currency. If this model is interpreted literally, then it is
natural to assume that the foreign central bank has more information about fundamentals
than the investors since fundamentals are entirely determined by the bank’s policies. In a
more realistic and complete model of exchange rate determination, however, there are many

other components of exchange rate fundamentals that central banks are not necessarily more
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informed about.

Finally, I should emphasize that this model does not imply that an ambiguous interven-
tion policy is always better than a transparent intervention policy. In fact, a transparent
intervention policy is often better even if the conditions of Theorem 2.4 hold and X > .
This is because central bank policy is an important determinant of currency risk premia and
transparency can be an effective way to reduce these risk premia. The purpose of my analy-
sis is to examine and emphasize a mechanism by which transparency can in fact exacerbate
exchange rate misalignment, rather than to capture all of the factors that affect exchange
rates. While this mechanism is likely to be very important during times of great uncertainty

about policy and fundamentals, it is unlikely to be as important during more normal times.

3 Policy as a Signal of Fundamentals

All of the results I have presented so far assume that either central bank interventions
are independent of the underlying state of the economy or that investors are naive and
unable to infer anything from the bank’s chosen policy of transparency. While this keeps the
analysis tractable, it is an unrealistic assumption as there is plenty of evidence that central
banks’ decisions whether or not to announce the size of their interventions are careful, highly
strategic decisions. Rational investors are aware of this strategic element, and they use a
bank’s chosen level of transparency to better infer the underlying state of the economy. In
other words, central banks and investors play a Bayesian signalling game.

In this section, I relax this assumption and investigate how the benchmark model’s pre-
dictions are affected. I consider a Bayesian signalling game between the foreign central bank
and the investors in which the central bank has a clear objective that investors are not naive
about. With the example of a central bank defending a falling exchange rate in mind, I
assume that the bank’s objective is to increase the peso exchange rate. It is important to
note, however, that all of this analysis is easily extended to a game in which the bank’s
objective is to decrease the peso exchange rate. Furthermore, if the bank targets a publicly
known value of the exchange rate, then the game that is played involves either the central
bank increasing the exchange rate—if the exchange rate is below the target—or the central
bank decreasing the exchange rate—if the exchange rate is above the target. In either case,
investors observe the value of the exchange rate relative to the target and are aware of the

central bank’s desire to achieve either appreciation or depreciation.
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This section’s main contribution is to construct a partially-separating Bayesian equilib-
rium in which the foreign central bank announces its intervention whenever the exchange
rate is sufficiently overvalued. This equilibrium demonstrates that the previous results about
central bank ambiguity reducing exchange rate misalignment are consistent with an envi-
ronment in which policy choice is a signal to investors. Furthermore, the existence of a
non-pooling equilibrium proves that self-fulfilling beliefs about the meaning of central bank
transparency need not dwarf the effects I describe in the previous sections. In fact, self-
fulfilling pooling equilibria often exist only together with highly unintuitive and implausible
out-of-equilibrium beliefs. 6

The Bayesian signalling game between the foreign central bank and investors takes place
in the two-period setup of Section 2. I assume that the central bank knows the value of
exchange rate fundamentals f and that it chooses between two possible actions: either
adopt a policy of transparency and announce the size of its intervention in period one, or
adopt a policy of ambiguity and do not announce anything. Implicitly, then, I assume that
the central bank cannot credibly reveal the value of all parts of fundamentals f to investors.
This is justified by the fact that the bank’s objective is to increase the exchange rate and
hence no unverifiable announcement about f could possibly be credible.!” In reality, many
announcements about future policies that affect fundamentals inherently lack credibility,
especially promises to engage in large-scale interventions or to alter monetary policy in ways
that might significantly disrupt the domestic economy.

A game of this kind together with a model that features asset-pricing under imperfect
information presents many technical difficulties. Most significantly, investors’ beliefs about
fo and 14 are generally not normally distributed, a fact that makes it very difficult to char-
acterize the investors’ aggregate demand for peso bonds and the equilibrium exchange rate.
Indeed, investors’ utility functions are exponential, so if their beliefs about fundamentals
are not normally distributed (which requires a normally distributed exchange rate in period
one) then their demand is impossible to characterize analytically. If the demand of investors
cannot be characterized, then the exchange rate in period one also cannot be characterized
and it becomes very difficult to prove even simple equilibrium properties. Worse still, these
technical difficulties do not go away even if exponential utility is replaced by mean-variance
utility.®

6The intuitive criterion of Cho and Kreps (1987) does not restrict the set of pooling equilibria in this
game since the value of the central bank’s policy is purely determined by the investors’ interpretation of that
policy. In other words, neither transparency nor ambiguity is ever strictly dominated.

17Vitale (1999) also concludes that central bank announcements are not credible if the bank’s goals are
inconsistent with exchange rate fundamentals.

18 Although it may be possible to analytically characterize the investors’ demand for peso bonds with mean-
variance utility, to characterize an equilibrium of this game one must also find a fixed point between investors’
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I prove the existence of a partially-separating Bayesian equilibrium given a set of assump-
tions for the model’s primitives. One key to constructing this equilibrium is that absent any
investor interpretation of transparency policy, the foreign central bank prefers one policy
over another for some combination of fundamentals. This ensures that regardless of which
policy is interpreted as a signal of currency overvaluation (a signal of currency overvaluation
leads investors to reduce their demand and hence causes depreciation), the bank does not
shun that policy in equilibrium. In this setup, a preference for one policy over another exists
because the risk premium on peso bonds varies depending on both the conditional variance
of the exchange rate in period two and the extent of central bank intervention (this alters the
available supply of peso bonds). As long as different transparency policies imply different
conditional variances, the central bank will never strictly prefer one policy over the other.

More succinctly, if the exchange rate in period one is approximately given by
er=p+ Bi[f] + 907 (v +£), (3.1)

then as long as the difference between E,[f] with and without transparency is finite and
o2 # 2, there will always be a nonempty set of fundamentals for which the central bank
chooses each policy.

This also implies that self-fulfilling pooling equilibria often require highly unintuitive
out-of-equilibrium beliefs. Although large shifts in the exchange rate should be expected if
central bank policy ever signals to investors that fundamentals are much different than what
is implied by the value of the exchange rate, the preceding argument shows that for some
range of fundamentals these shifts are less important than changes in the risk premium.
Of course, this requires that the risk premium actually changes with the central bank’s
transparency policy.

In the partially-separating equilibrium I construct, the bank makes an announcement
only if the exchange rate is sufficiently overvalued in period one. The construction of this
equilibrium is aided by a technical assumption that [ make which ensures that less uncertainty
about the exchange rate in period two reduces the risk premium on peso bonds and raises
the peso exchange rate. Specifically, I assume that there is a fixed supply of peso bonds
equal to S > 0 dollars and that the bank’s intervention v is always less than this supply.
This changes the risk premium term in equation (3.1) above to (6, +~0?)(v —S) and ensures

that this term is always positive.

beliefs about fundamentals and the exchange rate. Since investors’ beliefs are not normally distributed
(beliefs are truncated in any partially-separating equilibrium), this is impossible to do analytically.
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Assumption 3.1. There is a positive net supply of peso bonds denoted by S > 0. The
central bank’s intervention v is bounded, so that |v| < v < S, and investors’ common prior

for v is uniform over the interval [—v, D].

Besides aiding with the technical details of Theorem 3.3 below, Assumption 3.1 better
reflects the reality of a country for which transparency often reduces both the uncertainty
and the risk premium of its assets. Indeed, a more realistic version of the benchmark model
applied to risky assets certainly must assume that interventions are bounded and risk premia

are always positive (S > v) and increasing in uncertainty.

Definition 3.2. A Bayesian equilibrium of this economy is a strategy for the foreign central
bank and a function for the exchange rate in period one e;, such that (i) the demand for
peso bonds by each investor b; solves the maximization problem (2.2), where investor i’s
information set consists of all common public information together with z;,;,e;, and, if
the central bank announces its intervention policy, v as well; (ii) the foreign central bank
chooses its transparency policy so that the value of the exchange rate e; is maximized; (iii)
the peso bond market clears: B + & 4+ v = S; (iv) the exchange rate is a function of the
central bank’s transparency policy, the demand for peso bonds by noise traders £, the supply
of peso bonds S, the foreign central bank’s intervention v, the interest rate parameter u,

and the fundamentals parameter f.

All expectations and variances in this game are functions of the bank’s policy choice. In
order to emphasize this point, the conditional expectations with respect to the information
set of investor i in period one with and without transparency are denoted by FE; (T[]
and F;;(N)[-], respectively. The conditional variances with respect to the information set
of investor i in period one with and without transparency are denoted by Var; (7T')[] and

Var;; (N)[], respectively.

Theorem 3.3. There exist bounds g, v,0¢ > 0 such that if S > S, v >0, and o¢ < Og,
then there exists a partially-separating Bayesian equilibrium in which the foreign central
bank announces the size of its intervention if and only if & > é (v). In this equilibrium, the

threshold function é(v) 18 positive and decreasing in v.

The proof of Theorem 3.3 is in Appendix A. The theorem states that there exists a
partially-separating equilibrium in which the foreign central bank chooses a transparent
policy if the exchange rate is sufficiently overvalued relative to fundamentals. Although
rational investors infer that this policy choice is a sign of an overvalued currency and adjust
their beliefs accordingly, the central bank still prefers to be transparent because it reduces the

unpredictability of the exchange rate in period two and therefore lowers the risk premium on
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peso bonds (and thus raises the peso exchange rate). This is an important result because it
demonstrates that the benchmark model’s predictions about central bank ambiguity reducing
exchange rate misalignment are not overturned once signalling is introduced into the model.

Theorem 3.3 requires that the demand of noise traders be highly predictable (low value
of o¢). This ensures that investors’ beliefs about fundamentals are approximately linear
function of those fundamentals, despite the fact that beliefs about & are truncated above or
below depending upon the central bank’s choice of policy. Without approximate linearity, it
is impossible to analytically characterize the equilibrium exchange rate, as mentioned earlier.
If the exchange rate cannot be characterized in this way, even by approximation, then it is
impossible to compare the value of the exchange rate under different transparency policies.

To better understand the role of this assumption about o¢, consider a simplified version
of this game. Forget about the two parts of fundamentals f as given by equation (2.3),
and suppose instead that each investor ¢ observes both f; = f + ¢; and the exchange rate in
period one. In this example, a central bank announcement reveals to investors that £ > f > 0.
Suppose that é; = f + 5\(§ — é) This means that the distribution of f conditional on the
information of investor 7 is truncated normal with mean f; + #;ag (é1 — fi+ :\é), variance
023202

052+5\2‘7§ ’

and truncation f < é;. By I’Hopital’s rule, this implies that in the aggregate
limOEI(T) exp{—f} = limO exp{—é1} = limo exp{—f — A€ —&)}. (3.2)
og— og— og—

If e, = f+« and investors care only about e, it follows that limg, .o €; = lim,, o f +5\(§ —é )
and hence that the exchange rate in period one is indeed normally distributed in the limit.

On the other hand, if there is no central bank announcement then investors learn that
E< é . Let e; = f+ A&, This means that the distribution of f conditional on the information

2.2
of investor ¢ is truncated normal with mean f; + szﬁ (e1 — fi), variance 5%, and
etatog etatog
truncation f > e; — A, Average expectations are simpler this time, with
— o2
lim £ (N)exp{—f} = lim expS —f — ——<——(e1 — f) p = lim exp{—f — A{}. (3.3)
7¢—0 7¢—0 02 + No} 7¢—0

This follows because the truncation communicates nothing about f in the limit since the
conditional mean of f is on average greater than the truncation. Once again, this implies
that indeed lim,, .o e; = lim,, o f + A&, confirming the initial guess.

Although this example is simpler than the full setup of this section, it does capture the

role of the assumption o¢ < ¢ in the proof of Theorem 3.3. One implication is that for o
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small enough, the difference between e; and é; is approximately given by

~ A

er — €1 = EA— ) + AL (3.4)

This relationship shows that if A > ) in this setting, then it is not possible to construct
an equilibrium in which the central bank only makes an announcement if £ < é . According
to equation (3.4), regardless of the value of ¢ (or if € multiplies A instead of X), if € is
sufficiently negative, then e; > €; and the central bank prefers an ambiguous intervention
policy. This is an important observation, because together with the existence of self-fulfilling
pooling equilibria, another concern is that investors’ interpretation of central bank policy may
dictate whether transparency signals an overvalued or undervalued currency in equilibrium.

This example shows that this is generally not possible.

4 Infinite-Horizon Model

Time is discrete and indexed by ¢ € N and there are two countries. As in Section 2, I shall
refer to the home country’s currency as the dollar and the foreign country’s currency as the
peso. There is only one good for consumption and its price in each country is linked by the
law of one price, so that e; + p; = p; for all t. As before, the exchange rate is defined as the
dollar price of a peso, and its log in period t is given by e;.

In this infinite-horizon extension, three assets are traded in each period ¢: a nominal
one-period bond issued by the domestic central bank with return 4;, a nominal one-period
bond issued by the foreign central bank with return ¢, and a risk-free technology with real
return 7 in each period. As in the two-period model, I assume that the domestic central
bank credibly commits to a constant domestic price level in all periods so that the interest
rate on dollar bonds i; is equal to r for all ¢ > 1. This price level is normalized so that
p: = 0, which implies that the log-linearized real return on foreign bonds in period t is equal
to —piyy — e +if = e — e+ 1y

The foreign central bank’s interest rate policy is more complicated in this setup. In
particular, I assume that the foreign central bank follows a Wicksellian interest rate rule

in which the price target is equal to zero.!® This policy is subject to uncertainty, however,

YWoodford (2003) provides a detailed discussion of the implications of Wicksellian, price-targeting interest
rate rules in cashless economies such as this one.
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so that investors face risk when investing in peso bonds. Specifically, in each period ¢, the
interest rate on peso bonds is given by i; = ap; + fi+ 1, where f; follows an AR1 process and
a > 0 is a constant that measures the response of interest rate policy to deviations from the
price target. The stochastic process for interest rate deviations is given by f; = psfi—1 + (s,
where 0 < py < 11is a constant and ¢; is i.i.d. normal, with mean zero and variance 02. The
stochastic process for f; is common knowledge among all investors, as is the value of f; in
period t since all current and past interest rates are publicly observable.

The economy is populated by overlapping generations of investors such that, in each
period t, a new generation of investors is born while the old generation of investors dies.?’
Each newly born investor in period t chooses her portfolio and then, in period t+1, liquidates
her positions and consumes all of her realized wealth before dying. As in the previous section,
investors are indexed by i € [0, 1] and each investor ¢ born in period ¢ solves the maximization

problem

ig%fé — B exp{—cCity1}, subject to  cyq1 = (1 + i )wi + (441 — € + iy — )by, (4.1)
where w;; € R is investor ¢’s endowment of real wealth at birth, e;1; — e; + ¢ — ¢, is the
log-linearized excess return of peso bonds in period ¢, b; is the dollar amount of investor
1’s purchases of peso bonds in period ¢, ¢;41 is the quantity of the economy’s only good
consumed by investor ¢ in period ¢+ 1, v > 0 is the coefficient of absolute risk aversion, and
Ei[-] denotes the conditional expectation with respect to the information set of investor i
in period t. The net supply of peso bonds is constant and equal to zero. In each period ¢,
a mass of noise traders purchases & dollars worth of peso bonds, where & is i.i.d. normal,
with mean zero and variance 02.21 Noise traders liquidate all their assets from the previous
period before making any purchases.

As in the two-period model, the foreign central bank complements its interest rate policy
by performing foreign exchange interventions in each period. I assume specifically that the
central bank purchases 1; € R dollars worth of peso bonds in each period ¢ and that these
interventions follow an AR1 process, so that v, = p,v;_1 + d;, where 0 < p,, < 1 is a constant
and ¢, is i.i.d. normal, with mean zero and variance o2. The stochastic process for v; is
common knowledge among all investors.

This assumption implies that foreign exchange interventions affect exchange rate funda-

20An alternative assumption is that investors live forever and have log preferences, with the risk-free
interest rate then determined by the investors’ patience. The difficulty with such a setup is that the model
becomes intractable once higher-order expectations become part of the equilibrium as in Section 4.2.

21The assumption that noise traders’ demand is i.i.d. is made for analytical convenience. The principal
results do not change if the model is extended so that shocks to this demand persist over time.
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mentals only through their direct effects in this infinite-horizon model. Because the empirical
evidence about these direct effects is inconclusive (especially over longer time horizons), I
emphasize that this assumption is made only for expositional convenience and that it can
be easily relaxed so that interventions also convey information about other exchange rate
fundamentals. Indeed, none of this section’s qualitative results changes if I assume that
interventions are correlated with future interest rates.??

In this infinite-horizon model, I assume that in each period ¢ each investor i receives the
private signals x;; = fi11 + € and y;; = v4 + ni, where €;; ~ N(0,62), n; ~ N(0, 0'1%), €;; and
7;¢ are both i.i.d. and independent of each other, and all noise terms are independent across
investors. Following Bacchetta and van Wincoop (2006), I also assume that the generation
of investors that is born in period ¢ inherits all of the private information from the generation
that dies in period t. More precisely, I assume that in each period ¢, each newly born investor
1 inherits all of the private information of investor ¢ from the generation born in period ¢t — 1.

I shall consider two different specifications for the investors’ information. In the first,
investors perfectly learn about past values of 1, which causes higher-order expectations to
collapse into more simple average beliefs.?® The exchange rate can be characterized analyt-
ically in this setup, and the equilibrium is similar to the equilibrium from the two-period
model in Section 2. It is not surprising, then, that most of the previous conclusions about
transparency and exchange rate misalignment continue to be valid. In the second speci-
fication, investors do not learn about past values of v, so that higher-order expectations
remain part of the equilibrium exchange rate. This, however, makes an analytic solution
intractable as discussed by Bacchetta and van Wincoop (2006) and Lorenzoni (2009). As
a consequence, I solve numerically for an approximate steady-state solution using results
from Nimark (2010a). Before specifying the details of investors’ information sets, it is use-
ful to first solve for the equilibrium exchange rate without any assumptions about these
information sets.

In this infinite-horizon setup, I adopt notation similar to that from the benchmark model
in the previous section. For all t € N, let F; denote the information set consisting of all
common public information in period ¢ together with v, and e, for all 1 < s <t and f, for
all 1 < s <t+1.2* The aggregate demand for peso bonds by the investors in period t is
equal to the average demand of the investors in period t and is denoted by B, = E [b; | F).

*2Suppose, for example, that the interest rate parameter fyy1 is split so that fi 1 = fP + 0, 7, where
vy = f¢ 1 and 6, > 0. In this case, all predictions remain the same except that increases in ¢, have the same
effect as increases in p,,.

23Investors already learn about current and past values of f; because interest rates are publicly observable.

24In this setup, investors observe signals of f;,1 in period t, so that in some sense (if the probability
space and the corresponding filtration were explicitly defined) this interest rate parameter is measurable
with respect to time t.

30



It follows that the total demand for peso bonds in period t is equal to B; + v, + &;.

Let E,[] = E[Ey[-] | 7] denote the average expectation of investors in period ¢, and let
Vary[-] denote the conditional variance with respect to the information set of investor ¢ in
period ¢ and Var,[-] = E [Vary[-] | 7] the average conditional variance of investors in period
t. I denote higher-order expectations in this environment by E? ] =" Ez [] = E¢[], and, in
general, Ef[] = EEyy1-+ Eyyn_1[]. The information set of investor 4 in period ¢ is denoted
by Gi;. Finally, let Gy = @, 02 = Var;[e;41], and a = p%a

Definition 4.1. A steady-state equilibrium of this economy is a stochastic process for the
exchange rate {e; : t € N}, such that for all ¢ € N (i) the demand for peso bonds by
each investor ¢ solves the maximization problem (4.1), where investor ¢’s information set G
consists of all common public information in period ¢ together with x;, vi;, Git—1, and, if
the foreign central bank announces its intervention in period ¢, v, as well; (ii) the peso bond
market clears: B, + & + 14, = 0; (iii) the exchange rate is a linear function of the demand
for peso bonds by noise traders {{; : 1 < s < t}, the foreign central bank’s interventions
{vs : 1 < s < t}, and the interest rate parameters {fs : 1 < s < ¢+ 1}; (iv) the exchange

rate is in a steady state: there exists 0% > 0 such that o7 = 02 in all periods ¢ € N.

Lemma 4.2. Suppose that the conditional variance Vary e, 1] is equal for all investors i €
[0, 1] in all periods t and that e,y is normally distributed conditional on the information set

of investor i in period t. Then, a steady-state equilibrium exchange rate satisfies

€t = Z & EY [fiin] + 707 Z " E ] + av0’G. (4.2)

n=0 n=0

Proof. 1f e, 1 is normally distributed conditional on the information set of investor ¢ in period
t, then problem (4.1) is a standard CARA-normal maximization and the demand for peso

bonds by investor ¢ in period ¢ is given by

Eit[et+1] — €+ ftk - it

bi -
' ~ Var [€t+1]

(4.3)

If the conditional variance Var;[e;;1] is equal for all investors ¢ € [0, 1], then Vary[e; 1] =

Vary[e;1] = 02 and hence

Eilen] — e +if — i
07 '

Recall that in each period ¢, the total demand for peso bonds is equal to B; + v; + & while

B, = (4.4)

the domestic and foreign interest rates are equal to r and —ae; + f; + r, respectively. In a
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steady-state equilibrium, o2 = o for all ¢, so that

E - (1
B, = 2] fia;_ QERS S (4.5)

and then, by market clearing,
er = aBileq] + afy + ayo? (v + &) (4.6)

The noise traders’ demand is i.i.d. over time, so it follows that F, [£ron] =0 forall n > 1.

Forward iteration of equation (4.6), then, yields

e = QQEtEtH[eH_g] + o*E, [fer1] + afi + 042702Et[1/t+1] + ayo’y, + avyo?é, (4.7)
2 2
-3 n+17" nt17=
= o’F, [eys] + Z Q"VEL [fran] +0° Z " Evin] + ayo®ss. (4.8)
n=0 n=0

Finally, as demonstrated above, repeated forward iteration implies that the equilibrium

exchange rate in period t must satisfy

€t = Z Q" E] [ frn] + 70 Z a"VEY Vi) + ayo®, (4.9)
n=0 n=0
which completes the proof. Il

In order to keep the analysis tractable in this infinite-horizon model, I focus only on
steady-state equilibria in which the foreign central bank either announces the size of its
intervention v; in each period ¢ or never announces its intervention. In reality, however,
central banks switch between these two policies so that the true steady-state equilibrium is
somewhere in between these two extremes. If investors have common knowledge of the past,
then the implication of this is only that the true steady-state variances and risk premia with
and without transparency are much closer together (depending on assumptions about the
probability of switching from one transparency regime to another). This implies that the
truth-telling and signal-precision effects are even more important determinants of the effects
of transparency on exchange rate misalignment.

If investors do not have common knowledge of the past, then the true steady-state equi-
libria are more difficult to characterize. In particular, the fact that investors learn 1, forever
once the foreign central bank makes an announcement implies that they will never again
be perpetually disparately informed about interventions, even if higher-order expectations

remain in equilibrium. This makes the equilibrium without transparency more similar to
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the equilibrium if investors have common knowledge of the past, although the importance
of this past observation diminishes the longer the foreign central bank goes without making

another announcement.

4.1 Common Knowledge of the Past

Suppose that in each period ¢ > 1, the value of the previous period’s intervention v;_;
becomes common knowledge among all investors. This assumption implies that the higher-
order expectations from equation (4.2) collapse into more simple average expectations.

In the next section, I relax the assumption about public revelation of 1;,_; and also assume
that the interest rate on peso bonds depends on a factor that is not perfectly observed.
This creates an environment where higher-order expectations are an important part of the
equilibrium steady state regardless of whether or not the foreign central bank announces the
value of its intervention v;. In this case, the transitory demand of noise traders has persistent
effects on the exchange rate. I demonstrate that transparency can magnify the persistent
effect of this noise, in addition to magnifying its immediate effect as in this and the previous
section’s models.

This section’s assumptions about the investors’ information yield an equilibrium exchange
rate that is similar to the two-period model analyzed in Section 2. In doing so, this section
provides an interpretation of the exchange rate fundamentals from that benchmark model,
with those fundamentals now equal to the time-discounted sum of spreads between foreign

and domestic interest rates plus the time-discounted sum of risk premia. The discount factor

1
1+a’

bank’s interest rate rule to deviations from the price target.

is determined by the parameter o = which measures the sensitivity of the foreign central

To better see this connection, recall that exchange rate fundamentals in the benchmark
model are given by f = 6 f, + 6, f, (this is equation (2.3)), where f; represents the part of
fundamentals that is unrelated to the foreign central bank’s intervention and f, represents
the part of fundamentals that is related to this intervention. The bank’s interventions are
independent of interest rates and other disturbances in this infinite-horizon setup, so 8y fy
is replaced by the time-discounted sum of spreads between foreign and domestic interest
rates (the first term in equation (4.2) from Lemma 4.2) and 6, f, is replaced by the time-
discounted sum of risk premia (the second term in equation (4.2) from Lemma 4.2). As
I show below, the extent of the relationship between the central bank’s intervention and
the time-discounted sum of risk premia in this setup is highly dependent on the persistence
of interventions p,. Not surprisingly, then, this setup reproduces many of the two-period
setup’s predictions with p, replacing the parameter 6,.

I present the equilibrium exchange rate with no central bank announcement about 14
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before presenting the equilibrium exchange rate with a central bank announcement. These
two cases are then compared, and the implications of transparency are stated and discussed.
As always, I assume that an announcement by the foreign central bank is truthful and

credible. All proofs from this section are in Appendix B.

Theorem 4.3. If the value of v;_1 becomes common knowledge among all investors in period

t, then the steady-state equilibrium exchange rate is given by

€t = (a - pfﬁf)ft + ('lvz)f + ﬂf)ft—l—l - puﬁuyt—l + (% + ﬁV)Vt + )‘gta (410)

where Yy =

LY, = _‘TQU and \, By, By, and o* are given by the solution to

T—aps apf «

AY(hr + ﬁf)(ag +0})o? O’C + Aap, b, (Y, + 6,) (0% + JC)U o2

)\ - \If + CY’}/O‘Q, (411)
. OéPﬂ%Wf + ﬁf)(wu + 61/)0—6207270? - wf ((O—% + Ug))‘2 (% + ﬁl/)2020§) 2

B = v , (4.12)

5, = Uilbr 4 By + B)oto Us—-aﬂuw;f<0 FoONoE+ Wy + 000 oy

w2
o = Lo? 4 Rod + Nd + (g + Byt + (W + B

2 4
= I (024 a2) (N0 4 (0 + B)P0?) + (o + 6,200

(4.14)

2,02 4
= B0 (62 4 62) (W02 + (1 + B,)02) + (b + By)20%0?]

\\
= 2P 4 )+ B0 030203,

with W = (g + By)* (07 + 05)020; + (b + 8,)* (02 + 0)or05 + (02 + 0¢) (07 + 05) N2 0%

If a real-valued solution to the system of equations given by Theorem 4.3 exists, then
there exist two real solutions distinguished by the value of the steady-state variance o2
A thorough discussion of the viability of these multiple equilibria is beyond the scope of
this paper, but in general, the high-variance equilibrium is not stable in the sense that any
perceived deviation of the variance from this steady-state value generates an even larger
actual deviation from that steady state.?’ With this instability in mind, I follow Bacchetta
and van Wincoop (2006) and focus primarily on the low-variance steady-state equilibrium
exchange rate. I emphasize that all of the results I present in Theorem 4.5 below apply also

to the high-variance equilibria with and without transparency.

2 Consider any positive 02 # o?. One implication of this instability is that if investors observe past
variances of the exchange rate and choose o7 in each period t as a weighted average of these past, observed

variances, then o7 will never converge to the high-variance equilibrium value of 2.

34



Equation (4.10) from Theorem 4.3 implies that the exchange rate in period ¢ + 1 is given
by

err1 = (@ — pgBy) fror + (V5 + By) fraz — puBovn + (Uy + BV + Ao

= %ft—&-l + Yupuvy + A1 + (Y + Br)Gg2 + (Y + Bo) 041 (4.15)
In the benchmark two-period model, the exchange rate in period two is given by es = f + K,
with f = 0;fo + 0,v, so there are clearly similarities between that setup and this infinite-
horizon setup. In particular, equation (4.15) shows that this model’s expression for e, is
the same as that model’s expression for e, with 6 replaced by %, fo replaced by fii1, 6,
replaced by p,1,, v replaced by 14, and  replaced by A1 + (V5 + Bf)Cira + (Y + 5y) 6141
As mentioned earlier, this model’s transparency results are much like those from Section 2,
with 6, now replaced by p,,.

Before presenting these results, it is first necessary to characterize the steady-state equi-
librium exchange rate when the foreign central bank makes a credible and truthful announce-
ment of its intervention in period t. As in the benchmark model, let é; denote the exchange

rate in period ¢ if the central bank announces the value of 14, to the investors in period t.

Theorem 4.4. If the foreign central bank credibly and publicly announces the value of vy in

period t, then the steady-state equilibrium exchange rate is given by

& = (a— pBy) fi + (V5 + Bp) fror + hovs + A&, (4.16)
where Yy = %, W), = lo‘jfju, and S\,Bf, and &% are given by the solution to
- Xy (05 + fr)olo? i
A= 325252 2 C2 252 a5, (4.17)
(Vg + Br)2020¢ + (02 + o) N0
- Z/JfO'GQS\QUQ
Br=— 3 (4.18)

(Y + Bf)Qagag + (02 + 0?)5\205’
viat (Mo + vy + Bp)o?)
(g + By)20207 + a2(0? + o) N0

PR . .

52 = gaf + NoZ + (Uy + Bp)0f + ioy — (4.19)
In this infinite-horizon model, investors know both the values of f; and v;,_; (and also v

in the case of transparency) and the stochastic processes for these variables. This implies

that investors have common priors about the values of f;1; and 14, a fact that shows up

in Theorems 4.3 and 4.4 in the form of the parameters 3¢, 5,, and Bf. While these extra

parameters complicate the equilibrium exchange rate expressions, the parameters A and A

35



still measure the extent of exchange rate misalignment as a result of noise traders’ demand
while the differences A\ — ayo? and A — arya? still measure the bias of investors’ expectations

of fundamentals as a result of this demand.

Theorem 4.5. The parameters A and \ satisfy

lim A > lim A =0, lim A\ < lim \ = oo,
Oe—00 Oe—00 oe—0 oe—0
lim A= lim A =0, lim A= lim A > 0.
oc—0 oc—0 o5—0 as—0

The limits of both A and ) as either o¢, O¢, Or 05 increases to infinity are undefined since
the systems of equations that define the steady-state equilibria cease to have real solutions
in those limits. Theorem 4.5 establishes several comparative statics for the parameters A
and A, many of which reproduce results from the benchmark model (see Theorem 2.4).

As shown by equation (4.15) above, the product p,, in this model replaces the parameter
6, from the two-period model of Section 2. This product is equal to the time-discounted sum
of future risk premia, and the term p, measures the persistence of the foreign central bank’s
interventions and hence the extent to which an intervention in period t affects peso bond
risk premia in future periods (more persistence implies more effect). Because future risk
premia are part of exchange rate fundamentals, a higher value of p, implies that the central
bank’s intervention in period t has a larger effect on those fundamentals. In other words,
the truth-telling effect of transparency is increasing in p, in this infinite-horizon model.

Figures 7, 8, 9, and 10 show that the parameter A\ tends to be less than )\ for smaller
values of p, and greater than A for larger values of p,. These figures are similar to the
parameterizations of the benchmark two-period model given by Figures 2, 3, 4, and 5, and
they show that \ is again increasing relative to A as the extent of information revealed by a
central bank announcement increases. Although this section’s parameterizations all generate
standard deviations for changes in the exchange rate that are roughly consistent with what
is observed in most quarterly data, the spirit of these empirical exercises is to illustrate the
mechanism by which exchange rate misalignment can be magnified rather than to create a
quantitatively precise simulation. Indeed, all of the models that I discuss are highly stylized
and intended to explore and characterize the interaction between the truth-telling and signal-
precision effects of transparency rather than to produce a precise model of exchange rate
determination.

The first, baseline parameterization, depicted in Figure 7, features a choice of parameters
that yields an unconditional standard deviation of ten percent for changes in the exchange

rate (this is roughly consistent with the data). The second parameterization, depicted by
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Figure 7: The value of A (dashed line) and X (solid line) as the persistence of foreign central
bank interventions p, increases. (o. = 0.35, 0, = 0.35, 0¢ = 0.12, o, = 0.035, 05 = 0.07,
a=0.92 v=5, pf=0.7)

21 ¢
.20 ¢t
.19 ¢
.18 ¢t
17 ¢ /

.16 | 5 L7

15 | -
14 A -

.13 F

O O O o o O o o o o

12 f

0.3 0.4 0.5 0.6 0.7 0.8 0.9
[o¥
Figure 8: The value of A (dashed line) and X (solid line) as the persistence of foreign central
bank interventions p, increases. (o = 0.35, 0, = 0.28, 0¢ = 0.12, o, = 0.035, 05 = 0.07,
a=0.92 v=5, p;y=0.7)
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bank interventions p, increases. (o. = 0.35, 0, = 0.28, 0 = 0.1, 0. = 0.035, o5 = 0.07,
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Figure 10: The value of A (dashed line) and X (solid line) as the persistence of foreign central
bank interventions p, increases. (o. = 0.35, 0, = 0.28, 0 = 0.1, o, = 0.035, 05 = 0.07,
a=0.92,v=05, p;y =0.55)
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Figure 8, presents this same parameterization except the variance of investors’ private signals
about the central bank’s intervention o, is smaller. This has the effect of bringing A and
A closer together. The third parameterization, depicted in Figure 9, presents the same
parameterization as in Figure 8 except that now the unpredictability of noise traders oy is
smaller. This has the effect of increasing both A and . Finally, Figure 10 presents the same
parameterization as in Figure 9 except that now the persistence of innovations in the interest
rate on peso bonds is smaller (p; is smaller). This has the effect of decreasing both A and A.

The behavior of A and ) in these figures is very similar to the behavior shown graphically
in the benchmark model. Indeed, the main conclusion to draw from this infinite-horizon
model with common knowledge of the past is that the results largely reproduce the results
from the two-period model. This is important because it shows that the previous discussion
about truth-telling and signal-precision effects of transparency and its implications for central

bank intervention policy are perfectly consistent with a richer infinite-horizon setup.

4.2 Imperfect Common Knowledge of the Past

Suppose that the value of 1,_; does not become common knowledge among all investors in
period t. Suppose also that the interest rate on peso bonds in period ¢ is now given by
iy = ap; + fi + x¢ +r, where x; is i.i.d. normal with mean zero and variance ai. Because
investors only observe ¢; and p; in each period ¢, these assumptions imply that investors
have imperfect common knowledge about the value of f; and, if the central bank does not
announce the size of its intervention, also about the value of ;. It follows that higher-order
expectations are always part of the equilibrium exchange rate.

There have been a number of dynamic macroeconomic models that feature higher-order
expectations, including the early models of Townsend (1983) and Singleton (1987), and more
recently, the models of Bacchetta and van Wincoop (2006) and Lorenzoni (2009). With the
exception of Townsend (1983), all of these setups are too difficult to solve directly and must
instead be approximated. This is usually accomplished by assuming that the past exoge-
nously becomes common knowledge with some lag, a technique that keeps the state space in
these models finite and makes it possible to solve for the steady-state equilibrium using stan-
dard methods. There is, however, another technique for solving these models as described by
Nimark (2010a). Rather than assuming that the past becomes common knowledge, Nimark
(2010a) shows that the steady-state equilibrium of a model in which agents are perpetually
disparately informed can be approximated arbitrarily well by exogenously bounding the or-
der of agents’ expectations. As this bound grows to infinity, the approximate equilibrium
converges to the true equilibrium.

In this section, I use this technique to consider the equilibrium of this infinite-horizon
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model when investors do not have common knowledge of the past. In models with higher-
order expectations such as this one, it is typical for transitory shocks to have permanent
effects on the beliefs of agents, as shown by Allen, Morris, and Shin (2006), Bacchetta and van
Wincoop (2008), Lorenzoni (2009), and Nimark (2010b). Although these permanent effects
diminish over time, they still introduce substantial excess volatility and disconnect between
prices and fundamentals. The goal of this extension is to examine how the persistent effects
of transitory changes in noise traders’ demand for peso bonds compare with and without
foreign central bank transparency. Consistent with all the other results in this paper, I find
that central bank transparency often worsens the exchange rate misalignment caused by
transitory shocks to noise traders’ demand in the past. In these cases, persistent deviations
of the exchange rate from its fundamental value are magnified by transparency.

Before presenting this section’s results, it is necessary to introduce some notation. Let
i; = i} —ap} —r, and note that in each period ¢, investors observe the common public signal
iy = f; + x+ but are unable to infer the value of f; because of the unobserved disturbance ;.
Furthermore, in order to maintain symmetry and simplify the solution, suppose now that each
investor ¢ observes the private signal x;; = f;+¢€; rather than the private signal x; = fi11+€;
in each period ¢.2¢ Strictly speaking, the definition of a steady-state equilibrium exchange
rate 4.1 must now be appended to include the disturbances x, for all 1 < s < t and to
restrict the equilibrium to be a function of f; only for all 1 < s < ¢ (rather than for all
1 < s <t+1). For the sake of brevity, I only mention these technical details rather than
restating the full definition of equlibrium.

The equilibrium exchange rate in this setup is expressed as a function of higher-order
expectations at time t only, so let E(0);[] = -, E(1),[] = E;[-], and in general, E(j),[] =
E\E,--- E,[-] with the expectation repeated j times. For all 0 < j < k, let

i = (EGLA Elinln]) (4.20)

and for all t € N, let
Qi(k) = (Q()t Gy QI/ct)/? (4.21)
Wt = <UC_1Ct 0'5_1515 O';IXt O'g_lgt)/. (422)

26This assumption is without loss of generality since Prrit = prfe+ preie = fiy1 — Ge41 + préeie, and hence
a private signal of f; is also a private signal of fi;1.
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Let hy = (100-) and hy = (0100 )", and let the matrix H be given by

I
H= (02k+2x2 2 ) ) (4.23)

02x2k

where I is equal to the identity matrix of dimension 2k. This matrix evaluates the average

expectation of a vector and then annihilates the highest-order expectation, so that

/ _ . /
HQUR) = (¢ @+ iy 0 0) = (Bilds) Bildt] - Bldpn] 0 0). (424)
All proofs from this section are in Appendix B.

Theorem 4.6. If the interest rate on peso bonds is given by iy = ap; + f: + x¢ + r in each
period t and the value of v,_1 does not become common knowledge among all investors in
period t, then the steady-state equilibrium exchange rate is approximately given by the system

of equations

er = AQi(k) + avo®s, (4.25)
Qi(k) = MQi—1(k) + Nwy, (4.26)
where the vector A satisfies
A=Y " (B + yo®hh) (MH)". (4.27)
n=0

As the order of truncation k grows to infinity, the solution to this system of equations con-

verges to the true steady-state equilibrium exchange rate.

If the foreign central bank announces the value of v; in period ¢, then investors continue
to have imperfect common knowledge about f; while commonly learning the value of 1.
In order to characterize the equilibrium exchange rate in this case, it is necessary again to
introduce more notation. For all 0 < j <k, let ¢;; = E(j)[f:], and for all t € N, let

~ /
Qt(k) = <CjOt it - C:ikt) ) (4-28)
. I
H = (0k+1><1 g ) ; (4.29)
lek
b= (07¢ o-tve 07 4.30
Wy o G ooyxe og & - (4.30)
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Theorem 4.7. If the interest rate on peso bonds is given by i} = ap; + fi + x4 +r in each
period t and the foreign central bank credibly and publicly announces the value of v; in each
period t, then the steady-state equilibrium exchange rate is approximately given by the system

of equations

~2

& = AQu(k) + v, + ard3¢,, (4.31)
1—ap,
Qi(k) = MQy—1(k) + Ny, (4.32)
where the vector A satisfies
A= " (MH)" (4.33)
n=0

As the order of truncation k grows to infinity, the solution to this system of equations con-

verges to the true steady-state equilibrium exchange rate.

The matrices M and N and the steady-state variance o2 from Theorem 4.6 as well as
the matrices M and N and the steady-state variance ¢2 from Theorem 4.7 must all be
approximated numerically. They are determined by the solution to two systems of matrix
equations as detailed in Appendix B. As in Section 4.1, there are two solutions to both
systems of equations, one corresponding to a high-variance steady state and the second
corresponding to a low-variance steady state. Numerical approximations indicate that the
high-variance steady state is unstable in the sense described earlier.

In Figure 11, I plot the response of the steady-state equilibrium exchange rates with and
without transparency to a negative shock to the noise traders’ demand for peso bonds in
period ty. This shock is normalized so that the exchange rate with transparency é; decreases
five percent in period ty. The persistent effect of this transitory shock is plotted over time.
The parameterization shown in Figure 11 is similar to the baseline parameterization shown
in Figure 7 from the previous section. The main difference is that the variance terms o
and o¢ in this section’s figure are slightly smaller in order to compensate for the extra noise
term y; and to keep the unconditional variance of changes in the exchange rate close to ten
percent (which is roughly consistent with the data). In the parameterization shown in the
figure, higher-order expectations are truncated at k& = 50. I find that the results do not
change if this is increased even further.

The message of Figure 11 is similar to the message of Section 4.1: transparency magnifies
exchange rate misalignment for low values of p,, even if that misalignment arises from
shocks to noise traders’ demand for peso bonds in the past. In particular, this result is

a generalization of the previous sections’ result that A > X since the equilibrium exchange

42



~1%+
20
30|

4% L

5%

to to+l to+2 to+3 to+d
Peri od

Figure 11: The response of the exchange rate with and without transparency to a shock to
the noise traders’ demand for peso bonds & in period . (0. = 0.35, 0, = 0.35, o = 0.1,
o, =0.03, 05 = 0.07, 0, = 0.005, « = 0.92, v =5, py = 0.7, p, = 0.1, k = 50)

rate in period t is now a function of &_1,&_o,... as well as &, and the multipliers on all
of these noise terms are larger if the foreign central bank is transparent. More precisely,
the exchange rate in period t is now of the form e; = A& + A\&—1 + Ao&o + -+ (with
a corresponding expression for é;), and for low values of p, my numerical approximations
demonstrate that \ > A, 5\1 > Ay, 5\2 > Ao, and so on. One implication of this result is that
periods of sustained exchange rate misalignment are likely to imply large differences between
mispricing with and without transparency as the larger multipliers with either policy start
to add up.

The policy implication of this setup with higher-order expectations is similar to the
implication in all previous sections. If central bank announcements reveal sufficiently partial
information about exchange rate fundamentals, then the truth-telling effect is likely to be
smaller than the signal-precision effect and transparency is likely to exacerbate exchange
rate misalignment. This section shows that this applies also to misalignment between the
exchange rate and fundamentals in the future, since both the immediate and persistent effects

of temporary disturbances are magnified in a similar manner.
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5 Conclusion

In this paper, I have theoretically examined the implications of central bank transparency
during foreign exchange interventions. The central feature of all my models is that investors
are heterogeneously informed about both interventions and fundamentals. Information about
future fundamentals is embedded in the current exchange rate so that investors learn about
these fundamentals when they observe the price of foreign currency. 1 have analyzed the
effects of a transparent intervention policy in both two-period and infinite-horizon settings
and in environments in which investors both do and do not have common knowledge of the
past. I have also considered the effects of signalling in these environments.

In all cases, this paper has identified and emphasized two distinct effects of transparency.
The first is the truth-telling effect, which corresponds to the fact that any parameters the
central bank reveals to investors eliminate the role of the exchange rate as a signal of those
parameters. The second is the signal-precision effect, which corresponds to the fact that
any parameters the central bank reveals to investors increase the precision of the exchange
rate as a signal of other, still-unknown parameters. The truth-telling effect directly raises
expectations of parameters for which average beliefs are too low, while the signal-precision
effect indirectly lowers expectations of parameters for which average beliefs are too low. 1
find that the truth-telling effect grows relative to the signal-precision effect as the extent
of information about fundamentals that is revealed by a transparent intervention policy
increases.

The key implication of my analysis is that central bank transparency can in fact magnify
any existing misalignment between the exchange rate and fundamentals. This occurs if a
central bank can credibly reveal only partial information about fundamentals to market
participants, so that the signal-precision effect of transparency is larger than the truth-
telling effect of transparency. In effect, partial information revelation is worse than no
information revelation, while full information revelation is best. This result implies that a
policy of ambiguity will often increase the effectiveness of central bank intervention during
periods of crisis and large capital outflows. In these episodes, asymmetric information,
pro-cyclical liquidity provision, and psychology often lead to excessive sales of risky assets,
causing risky countries’ currencies to be undervalued and making it difficult to credibly
reveal information about fundamentals. This prediction and the intuition behind it match
well with the justification that central banks often provide for their ambiguous intervention
policies.

Beyond foreign exchange intervention, this paper considers general price manipulation
and highlights a mechanism by which transparency can undermine the intended effect of
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that manipulation. While public information and transparency are normally desirable, I
find that if they do not credibly communicate information about fundamentals and future
policies, then the signal-precision effect of transparency may lead to undesirable outcomes.
Given the ubiquity of price manipulation in today’s economic environment, these secondary

effects of transparency deserve further analysis and consideration.

A Appendix: Benchmark Two-Period Model

This appendix presents the proofs of Theorems 2.2, 2.3, 2.4, and 3.3, and Corollary 2.5.

Proof of Theorem 2.2 Suppose that the exchange rate in period two is normally distributed
conditional on investor i’s information set. Then, the investors’ problem (2.2) is a standard CARA-
normal maximization problem, and the demand for peso bonds by investor ¢ is given by

Eiilea] —e1 + p
~ Var; [es]

b = (A1)

Suppose also that Var;[es] is equal for all i € [0,1] and hence that Var;[es] = Var; [ea]. It follows

that 0? = Var;[es] and that the aggregate investor demand for peso bonds in period one is given
by

Eiles] —e1 +p

B = (A.2)
ot
which, together with the market clearing condition in the peso bond market, implies that
e1 = Eilea] + p+ 07 (v +£). (A.3)

The exchange rate in period two is given by ex = 05 fo+6, f,+~, so that Eji[ea] = 07 E;i[fo]+6, Ein [V]
(recall that f, = v by equation (2.4)). I am interested in the rational expectations equilibrium of
this economy, so investors must take into account the fact that the value of the exchange rate in
period one is a signal of both fy and v. In other words, the exchange rate e; is part of investors’
information sets in period one.

Let E;[-], Var;[-], and Cov;]-, -] denote, respectively, the expected value, variance, and covariance
with respect to the information set consisting only of p and the private signals x; and y;. In
equilibrium, the exchange rate in period one is of the form

e1=p+ f+y0tv + X =+ 0 fo + (6, + 707 )v + AL, (A.4)

so that Cov;[fo, e1] = 002 and Cov;[v, e1] = (0,,+70%)0,2]. The goal is to solve for the undetermined
coefficients A and o7 in equation (A.4). Standard Bayesian inference implies that the exchange rate
in period two is normally distributed conditional on investor i’s information set (this justifies the
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assumption of conditional normality) and that

COVZ‘ [fo, 61]

Eqlfo] = E; o)
1[fol [fo] + Varilel] (e1 le1])

=z + s0¢ (e1 — p—Opzi — (0, +v07)y:)

P (0, + 1002 1 3002 s = (B 7073
and
Cov;[v, e1]
Eal] = Eiy] + —ilv U g,
] = Bl + Sl es — Bifer)

(0, + 70%)072]

— U —u—0rx; — (6, AVAN
0 T g 2o e 1 O 0 20)

It follows, then, that

— )\9f02
E = <
and A 2) )
_ v +yo71)o
Eilv]=v+ L 5€.

9?02 + (0, +~01)%02 + Ao

Substituting equations (A.5) and (A.6) into equation (A.3) above yields

)\9}%062 + A0, (6, + 70%)03, ) ¢
9?062 + (6, + 70%)207% + )\202 i

er = p+0¢fo+ (6, +yoi)v + (

)\9?02 + A0, (0, + 70’%)0’% 2 ¢
0?0? + (6, + 70%)203] + >\2U§ oS

=u+f+w%u+<

(A7)

The next step is to solve for a%, the conditional variance of the exchange rate in period two.
Because ey = 0 fo + 0, + £, this conditional variance is given by o} = H%Varl [fo] + 02Var;[v] +

02 +200,Covi[fo,v]. As before, standard Bayesian inference implies that

— Covilfo,e1]* 030¢
Var [fo] = Var;[fo] — —r 0L _ 52 :
ar1[fol ari[fol Var;[e1] 7 9?052 + (6, + 70%)20727 + >\2a§
— COVZ'[I/, 61]2 ) (91/ + 70%)20;17
Var [v] = Var;[y] — —— 00 _ 52 ,
ar[v] ari{v] Var;[e1] Tn QJ%JEQ + (6, + 70%)203] + )\202
and that
— Cov;[fo, e1] Coviv, e1] 05(0, + yoi)oto;
C = C i 5 - = — .
ovilfo, V] ovilfo, V] Var;[e1] 9?02 + (0, +~01)%02 + >\2ag
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It follows, then, that

2
0302 + 0,0, +103)0?)
2 2 2 22 2 < fre v L
oy =050, + 0,0, + o} 9?052 . 70%)20% n )\202. (A.8)
Note that this justifies the assumption that the conditional variance is equal for all investors ¢. The
proof of existence is complete once we equate the undetermined coefficients from equation (A.4)
above with the implied expressions from equations (A.7) and (A.8).

The system of equations that determines A\ and o? jointly is nonlinear and of too high an
order to solve analytically. All of the numerical solutions to this system I have computed indicate
that there exists a unique real solution (together with four complex solutions). Even if multiple
real solutions do exist for some set of parameters, all of the important results about transparency
described in Section 2 are true for all possible real solutions. ]

Proof of Theorem 2.3 This proof follows the proof of Theorem 2.2 very closely. If I again assume
that the exchange rate in period two is normally distributed conditional on investor i’s information
set, then it can be shown in a similar manner to before that market clearing in the peso bond
market implies that e; = FEjlea] + p + v63 (v + £). In equilibrium, this exchange rate is of the
form e; = p+ f +y52v + 5\5 , so that standard Bayesian inference both justifies the assumption of
conditional normality and yields aggregate expectations about fy that are similar to those when v
remained unknown: _

Mjo?

Bilfo] = fot — 2000
1[fol = fo 91%02+/\20§

€. (A.9)
Substituting this equation into the expression for the exchange rate in period one yields
)“9]20052

Er=nu+0sfo+ (0, +v5 v+ | —L = +~52
1= o ( Y57) (9?02_1_)\20? Y 1>f
:\91%062

— 4+ frreiv+ | —L 5 52 e A.10
w4 f+yoq (9?02—1—)\203 71)5 ( )

The conditional variance of the exchange rate in period two, &%, is also determined in a manner
similar to the previous proof. In particular, standard Bayesian inference implies that
2 4
ey

Var P R —
1[f0] € 9]%0'52 +)\20_g

The computation is simpler in this case because v is known with certainty and hence both Var; [V]
and Covq|[fo, V] are equal to zero. It follows, then, that

0]%021

I A1l
9?062 + )\202 ( )

~ 2.2 2
01 =0j0; + o0, —

which shows that the conditional variance is equal for all investors ¢, and together with equation
(A.10) completes the proof of existence. In this simpler case, the system of equations (2.11) and
(2.12) can be solved analytically. There exists only one real solution to this system and this unique
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real solution corresponds to the unique equilibrium exchange rate €. ]

Proof of Theorem 2.4 1 first show that A\ > X whenever A < 6, + o} and A < \ whenever
A > 60, +~0?, and then show that A —~5% > 6, whenever A —~yo? > 6, and A — 67 < 6, whenever
A — v0? < 0,. Together, these two facts imply that A > A whenever 6, > X — 63 and A < A
whenever 0, < A — 767

According to equation (2.7) from Theorem 2.2,

9;%0? + 20]2601,(@ +v07)oZop +02(0, +v07)%0,
0}062 + (0, +~01)%02 + )\202

((eu +702)202 + vag) 0207 + (0]%062 n vag) 0202 — 2020, (0, + y0?)o20?

= 0}062 + 912,0727 + o2

P

= 0’2 +
i 9?062 + (0, +v01)%02 + )\202
9 9]207204110620,27 + >\29J2¢0€20§ + )\2912,072702
$0¢ + (60 +y07)%05 + Vo
so that by equation (2.6) also
_ )\9?03 + \0,(0, + 70%)03 o2 4 7(70%)20?0303] + 'y)\QUEOJ%a? + V)?a%&?,a% (A13)
0702 + (0, + ~07)%02 + N0 a 0702 + (6, +07)%03 + Mo '
X202 2 2
Similarly, equation (2.12) from Theorem 2.3 implies that 67 = o2 + 9%21%, so that by equation
o€ 3
(2.11) also
- A0 4+ N2yh300?
A= L SR (A.14)

9?03 + 5\2052
Equations (A.13) and (A.14) imply that

)\202()\ — 79?062 — 702) = ’yafﬂ?af + 70,27 ((9/2:720%062 + )\2930'2 + 0,%(91, + 70%)2 — )\J%(H,, + ’ya%)) ,

and
5\202(5\ - 79?03 —y0?) = 70’39?03. (A.15)
Let
A= 9?720%03 + )\203(7? + 020, +~v0%)% = Xo?(0, +yo?), (A.16)
so that
)\202()\ - 79]%062 —v0?) = 7029]2«062 + ’yo%A (A.17)
and also

7029?0? ’yO‘%A
)\2U§ )\2O'§ '

A= 79]%062 + ’ya,% + (A.18)
It follows that A is increasing in A with A = X if and only if A =0 or o, = 0. Equation (A.18) also
implies that A > X\ whenever A > 0 and o0, > 0, and A < A whenever A < 0 and o, > 0. The bulk
of this proof amounts to showing that A > 0 whenever 6, > A\ — v0? and that A < 0 whenever
0, < X\ —~o?.
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Before proving these inequalities, note that equation (2.6) implies that

)“9,20052 + A0, (0, + voi)o;
9]%052 + (6, +07)%02 + /\20?

A —o? =

so that
(A —vo?) (Qfa + (0, + 70%)20727 + )\202) = )\0}03 + A\0,(0, + 70%)03]. (A.19)

Some algebra then yields

NoF (A —v07) = y0i0707 + (0, +v07) (A0, — (A —701) (0, +701)) o7
—yalﬁfo +’yal(«9 —l—’yal)(G +701 /\)02

7]7
so that 2 2)
20, 'ya 0, + ~o1)é
A2020, = 1 9 LTIV (9, + 07 — \)o2. A.20

Equation (A.20) is crucial to the proof of Theorem 2.4. It implies that /\2%9 > 7010 o? and

- 92 2 0_ 02 2
Av;% L /\ézg whenever A < 6, +v0?, and also that Ao 0 < yoi6? fa and 2 zl 1 )\J; 2 whenever
A >0, + ol

Suppose that 6, > X\ — vo?, so that )\ <0,+ ’yal As T just showed in equation (A.20), this

62

implies that both A% 9 > yo20? fO' and 2 Wl /\éa It follows that

%
0% 010 op +)\20205+a (0, +~0%) > (y01)?0 fa 2+ 070, Hfa + 02(0, + yo?)?

(yo
yo?(8, —|—’y(71)0f0 + 020, + yo?)?

i
= (0, + vyo?)? (’ya,% + 79?0?0+l> . (A.21)
ot
202 2
Suppose now that A < 0. It follows by equation (A.18), then, that A < VQJ%UEQ +vy02 + % and
3

hence 50 o

vyoih4o
yoi =X— (A —70?) < 70f0 + vol + ;27;26 — (A= q0?). (A.22)

£
A—~o? 0202 . . . . .
Because 7021 > /\’;02 in this case, inequality (A.22) implies that
1 3
(O~ 0272 A= 1ot
vo} <’Y€f0 S +T‘; (A= ’YUl)—’YQfU + 07 + o) = (yol — o),
1 1
which then implies that
A\ —yo? \ —yo?
o (14 # <yo2 (14 # + 79]%02. (A.23)
Yo7 Y07

Inequality (A.23) yields
2 27

2 2
< 0 ,
Y01 <0) +0F0¢ h\
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from which it follows that

ABy, +y07)v07 < A(B, + 707)v0% + (8, + v01)0F0 707

2
< (0, +702)? (102 + 402027 . A.24
0+ 10D (10242050720 (A21)

Of course, inequality (A.24) together with inequality (A.21) from above implies that
B, +yod)voi < 720%9?@2 + )\2912,(7? + 02(6, 4+ v0?)?,

which, because A = 9]2072011052 + )\2912,02 + 020, + y0?)? — Ao (0, + vo?}) by equation (A.16),
contradicts the assumption that A < 0 and proves that A > 0 whenever A < 6, + ’ya%.

Suppose that 6, < A — 02, so that A > 6, + vo?. As shown above in equation (A.20), this

_ 2 0252
implies that both N*020, < yoif70? and )\'wz? L AQZ% It follows that

V2o1007 + N050¢ + 070, +707)? < (y07)*0707 + 1010,0707 + 07 (0, +07)’
=701 (00 +701)070¢ + 03 (0 +701)°

2
= (0, +702)? (y02 + 40202 171 . A.25
0+ 10D (10242050720 (A.25)

262 2
Suppose now that A > 0. It follows by equation (A.18), then, that A > 70]2003 + 02 + W;Q Uf;E and
hence 2622
~yoi%o
v07 = A= (A —70]) = 0F0% +yop + ;27;2 — (A —907). (A.26)
3
/\—'yaf 9?«02 . . . . . .
Because ~o? < e in this case, inequality (A.26) implies that
(X —yo?)yo? A —yo?
0t > 20707 + yo + 3 — (A = y01) = A0}07 +q0h + L (o — y0?),
Yo7 701
which then implies that
\ —o? X —yo?
2 1 2 1 2 2
1+ ——— | > 14+ ——=— | +10%0:. A.27
Yo ( 70_% ) ™ < 70% Y fae ( )

Inequality (A.27) yields
2 2 2 2707
Y01 > YOk + ’)/QfO'E \ )

from which it follows that

MO, +v01)y0f > A0, + 07 )y07 + (0, + o7 )70 ly0]

2
> (0 22 2 9202191 ) A.28
0+ 10 (102 42030720 (A.2%)
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Of course, inequality (A.28) together with inequality (A.25) from above implies that
O, +yoi)yo? >y 019 op +)\20205 +02(0, + o),

which, because A = 6272010 +A20%02 ¢ to 2(0,+~0%)2 = Xo?(0,+~0?), contradicts the assumption
that A > 0 and proves that A < 0 Whenever A > 0, +vo?. These two inequalities also imply that
A = 0 if and only if A = 6, + yo?, which by equation (A.18) and continuity implies that if A > X
(A < \) for some oy >0, then A > A (A < ) for all ‘777 > 0.27
The final step of the proof is to show that 5\ &3 >0, Whenever A—v0? >0, and A — G2 < 0,

whenever A\ —yo3 < 6,. Suppose that A — ”yal >0, > \— &3, As was just proved, this implies
that A — yo? > 0, for all o, > 0. Since A = A and 0% = 57 if 0, = 0, it follows by contlnulty that
A—q0? =0, = A — v6% if o, = 0. But, I just proved that this 1mphes that A — yo? = 6, for all
o, > 0 as well, so there is a contradiction and it must be that A — 7% > 6,. A similar argument
proves that \ — 63 < 6, whenever A\ — o} < 0, as well. O

Proof of Corollary 2.5 Recall that e; = pu+ f+~v0v+ A and that a similar expression describes
¢1, with X and 52 replacing A and o, respectively. It is immediate, then, that & — e; is strictly
increasing in & whenever A > X and that for & large enough, this quantity is greater than zero
regardless of the value of v. This implies the existence of a unique threshold é € R such that
€1 < ep if and only if £ < f This threshold is decreasing (increasing) in v whenever o? > 52

(0% < 6%). 0

Proof of Theorem 3.3 Suppose that the foreign central bank announces its intervention if and
only if € > ¢ (v), where ¢ (v) is positive, bounded, and decreasing in v. It is important to emphasize
that investors only know the exact value of é if they learn v via a central bank announcement,
otherwise they are only aware of the equilibrium relationship between these variables.

Suppose that & = p+ f + 53 (v — S) + A€ — £(v)), where X and G2 are given by the so-
lution to equations (2.11) and (2.12) from Theorem 2.3. Because investors observe that the for-
eign central bank has announced the value of v, they all learn that £ > é (v), which is equiv-
alent to learning that é; — u — 0,0 — v52(v — S) + A(v) — Orfo > AE(v) (recall that f =
0rfo + 0,v by equations (2.3) and (2.4)). Bayesian inference implies that for each investor 4,

the distribution of 6 fo conditional on investor ¢’s information set is truncated normal, with mean
92 2 )\2 2p2 2

Orfo+ W (el =00 —y52(v—8) + M(v) — foi>, variance Mﬁ, and truncation
Opfo <é1 —p—0,v—~52(v—9).
The difference between the truncation and the mean of 0 fy is equal to
32,2
A o¢

m (él — =0y — 5 (v — ) + N(v) — Qfxi) —M®).

Because £(v) is positive for all v € [~7, 7] and 5\05 — 0 as o¢ — 0 (this is not hard to prove), it
follows that this difference does not converge to a positive value as o¢ — 0. In this case, Lemma

801 o

2TThis requires that also aa)‘ = = 0 whenever A\ = 0, + vo? (and hence A = 0), which is not difficult
to show.
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A.1 implies (it is not difficult to show that the conditions of the lemma are satisfied) that

1 5\2039;03
0 —(61—;1—91,1/—7&%(1/—5’))—&-5 e el
lim E; (7T) {e_ ffo} = lim e frert e

0’.5~>0 O'EHO

(A.29)

Utility is exponential, so equation (A.29) implies that each investor i’s demand for peso bonds in
period one satisfies

) ) (él—,u—el,u—'y&%(V—S))—I-GVV—él—i-u
lim b;; = lim ,
oe—0 o¢—0 Y Varz-l (T) [62]

so that by dominated convergence

_ . (@ —p—0v—75i(v—29))+0v—é +pu ) Hff0+:\(§—é(u))+9yl/—é1+u
lim B; = lim —5 = lim =5 .
o0 oe—0 01 o0 Vo1
This last equality together with the market clearing condition for the peso bond market implies
that

lim & = lim pu+0pfo+ 0w+ 53 (v — 8) 4+ A€ —E(v))
O'&H 0‘54>

=;290u+f+75?(v—5)+X(£—€A(V)), (A.30)

where A and 7 are given by the solution to equations (2.11) and (2.12) from Theorem 2.3. Of
course, if &1 — p+ f +752(v — 8) + A€ — £(v)) as o¢ — 0, then all of the above statements are
true in the limit and it follows that the limit relationship (A.30) indeed holds.

Suppose that e; = p+ f+~v02(v—8)+ A, where A and o7 are given by the solution to equations
(2.6) and (2.7) from Theorem 2.2. Because investors observe that the foreign central bank has not
announced the value of v, they all learn that ¢ < & (v) without learning the exact value of v. This
is equivalent to learning that e; — pu — f —yo? (v — ) < M (v). Bayesian inference implies that for
each investor ¢, the distribution of f conditional on investor i’s information set is truncated normal,
with mean

N 9?0? +6,(0, + 70%)037
9?03 + (0, +~01)%02 + )\20§

Orz; + 0,y; (e1 — p—Opzi — Oy, — yoi(y; — S))

(recall again that f = 6 fo + 0,v), variance

2
2 2 2y 2
P2 o <6?f05 +0,(0, + ’yal)an)

Jre T vt 9?02 + (6, + 70%)20% + )\202’

and truncations f > e; — yu —yoi (v — S) — )\5(1/) and ¢ fo — 0,0 < f <0¢fo+6,0.
The difference between the mean and the first truncation of f is equal to

2 2

B A F:
9}03 + (0, +~01)%02 + )\203

yoiv + A(v) (e1 — p — Opzi — Oy — voi (yi — ) -
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Because & (v) is positive for all v € [—v, 7], it follows that this difference does not converge to a
negative value as o¢ — 0. In this case, Lemma A.1 implies (as before, it is not difficult to show
that the conditions of the lemma are satisfied) that

fcr +0y(9y+’yo'1)o'
o +(0u+yo])2oq+2207

foxifeyyif (61 u—0px;— GVyif'ya'f(yifS))

lim lim Ej;(N) {eif] = lim lim &

= 2
og—07—00 og—07—00 1 (920240202 (6302460 (61 +v03)07 )
2 1o¢é v97 62 O'g+<9]/+"/0'%)20'%+)\20§

e

(A.31)
Utility is exponential, so equation (A.31) implies that each investor i’s demand for peso bonds in
period one satisfies

9?0?—&-91, (9,,+'ya%)072, (

afxi + el’yi + 9?U§+(9,,+'ya'f)2c7%+)\20'§

e1 —p— Oz — 0y — 70%(%’ - 5)) —e1+p
.
S fim by = Tim T, ~ Var (N)[ea] ’

so that by dominated convergence

)\9 02420, (0, +03) 0'
f 0202+(9 +y07)203+A%0 25 1t

lim lim B; = lim lim
o¢—0v—00 o¢—0v—00 70-1

This last equality together with the market clearing condition for the peso bond market implies
that
lim lim e; = hm lim p+ f + 02 (v — S) + A€, (A.32)
o¢—0v—00 o¢—0v—00
where \ and o2 are given by the solution to equations (2.6) and (2.7) from Theorem 2.2. Of course,
if ey = p+ f+7y0i(v—9)+ A as o — 0 and ¥ — oo, then all of the above statements are true
in the limit and it follows that the limit (A.32) indeed holds.

I have shown that if the foreign central bank announces its intervention if and only if £ > f (v),
where é (v) is positive and decreasing in v, then as o¢ — 0 and 7 — oo, if there is a central bank
announcement, the exchange rate in period one is arbitrarily close to p+ f +v5% (v —S) —i—S\(f—é(u)),
where A and &7 are given by the solution to equations (2.11) and (2.12), and if there is no central
bank announcement, the exchange rate in period one is arbitrarily close to -+ f +~y0% (v — S) + A,
where A and o7 are given by the solution to equations (2.6) and (2.7). Equations (2.11) and (2.12)
imply that A — oo and 67 — o2 as o¢ — 0 (see Theorem 2.4), while equations (2.6) and (2.7) imply
that lim,, oA < oo and limg, o 02 > o2. Tt follows that as ¥ — oo and o¢ — 0, the difference
e1 — €1 is arbitrarily close to

(v = S)(of — o2) + X+ A(E(v) — ).

As long as S > v, then for each v € [—7, 7], there exists £(v) such that e; — &, = 0 whenever
£ =¢£(v), e1 — & < 0 whenever € > £(v), and e; — & > 0 whenever ¢ < £(v) and such that £(v) is
always strictly positive and decreasing in v. O

Lemma A.1l. Let x ~ N(u(z),0%(2)) with z > 0, and suppose that lim,_.qo2(z) = 0 and that
lim, o p(2) and lim,_0Z(2) exist or are equal to plus or minus infinity. Also, suppose that all
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functions are continuously differentiable and
o'(2)

W — 0 (A.33)

as z — 0. Then -

lin%E €’ |z <z(z)] = liH(l) e +30°(2) (A.34)
whenever lim,_,o Z(z) — p(z) > 0, and

lim E e | x < #(2)] = lim () +30%(2) (A.35)

z—0 z—0
whenever lim,_,o Z(2) — p(z) < 0.

Proof. Let x ~ N(u(z),02(2)) with z > 0, and suppose that lim, .o 0?(z) = 0 and that lim,_o z(2)
and lim,_,o Z(z) exist or are equal to plus or minus infinity. For all z > 0,

and hence

z(z) — p(z ) (2) — p(z) — o?(z
iEE[em|x<£(2)]®<w> :liir(l]e“(z)+5a <Z><1>< (2) = plz) ( )>. (A.36)

If lim, 0 &(2) — u(z) > 0, then it is immediate by equation (A.36) that

lim E[e” | @ < &(2)] = lim () 727°C).

The limit relationship is more complicated if lim, o Z(z) — u(z) < 0, however, since this implies
that @ (%) — 0 and (%ﬂ)ﬂﬂ(z)) — 0 as z — 0. In this case, by I’'Hopital’s rule and
by assumption,

&(2)—p(2)—0>(2) #(2)—p(2)—0?(2)
. ‘I”< 2(2) )_. ¢< o(2) )
lim ~ = lim -
=0 (x(Z)—M(Z)) =0 4 (ﬂz)—u(z))
o(z) o(z)
o (2(2) — p(2))* | (@(2) — w(2))?
= liny exp{ 202(z) T 202(2)
z—0
It follows that lim,_0 E [¢* | z < #(z)] = lim,_ e?(D+39°(2) in this case. O
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B Appendix: Infinite-Horizon Model

This appendix presents the proofs of Theorems 4.3, 4.4, 4.5, 4.6, and 4.7.

Proof of Theorem 4.3 Suppose that the steady-state equilibrium exchange rate in period t+1 is
normally distributed conditional on investor i’s information set in period ¢ and that the conditional
variance Varj|eq11] is equal for all investors 7 (it must be equal in all periods ¢ by definition).
Lemma 4.2 then implies that the equilibrium exchange rate in period ¢ must satisfy

oo oo
er = afy + Z QTVEY (fran] + 02 Z " VE [Wisn] + ayo?é;. (B.1)

n=1 n=0

The exchange rate in period t is of the form

e = aft + Vg frr1 + Vv + AN + BrGrar + Budy, (B.2)

so the goal is to solve for the coefficients ¢, 1,, A, B, and (3,, which requires solving for the
steady-state variance o2 as well.

The next step, then, is to solve for the average expectations By [fiin] and E} [vy4p]. This
requires first solving for the individual expectations Ej[fi+1] and Ey[viy1], with the latter equal
to pyEit[1y] since investors in period t have private signals of 14 only. These expectations are more
difficult to compute now that investors have prior distributions.

Let EY[-], Var),[-], and CovY[-] denote, respectively, the expected value, variance, and covariance
with respect to the information set consisting only of f; and the private signals x;; and y;. If the
form of the exchange rate in equation (B.2) is taken as given, then Bayesian inference implies
both that the exchange rate in period t + 1 is conditionally normally distributed (this justifies the
assumption of conditional normality) and that

-1

o2+ o2 0 7r — T
Eilfir1]\ _ (wa o2 0 ol ‘ ¢ ool / il Zt4
Eall )~ \ui + 0 o2 1,02 0 o, +o;5 Ty PvVt—1 — Yit |

where 7; = 1) fa? — ﬁfo*g and m, = 1[)1,0,2] — ﬂyag. The inverse of the variance matrix in the above
expression is equal to

1 (U% +a3) Vary[e] — Ty — (0% + 02)m;
T TfTy (02 + U?) Var?t[et] — 77}% —(o% + Ug)w,j , (B.3)
_(U%—f—ag)ﬂf —(062—1—02)71-” (0€2+0€2)(072]+U§)

where

U= (02 + 02)(0727 + 02) Vard[e;] — (0,2] + o?)wfc — (0% + U%)ﬂg
= (02 + 02) (o5 + 05)N°0F + (VF + 20485 + 53) (07, + 05)0208 + (U3 + 200, + B,) (07 + 0¢)0,0%
= (¢y + ﬁf)Q(cr,Q7 + a?)a?ag + (¢ + B,)% (02 + 02)0370(% + (0?2 + ag)(ag + 0§)A20§. (B.4)

Note that Ei[zi] = fir1, Et[yid] = v, and Eiler — ES[ed] = A& + By Cs1 + Budy, since E [y | F) =
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fiy1 and Efyie | Fi] = vy for all i € [0,1] and all ¢ € N. Let

Ay = (0l +0f) (o) +03) — (07 + 03)mp = (5 + By) (07 + 03)0L,

and
A, = 1/’1/(0'52 + 0?)(0’% + Ug) - (02 + ng‘)ﬂu = (v + 51/)(0'2 + U?)O'g

Because Varl[e;] = 7,/1]%062 +Ypon + )\202 + ﬁfag + 3202, it follows that

B 2
Ev[fer1] = fir1 + MApol& + % (62 + oQ)mby — mpmy + BuAf) 6
2
O-E
+ T (7r§ + (072) + U%)waf — (072) + 02) Vard[e;] + ﬂfAf) Crr1
o2
= fir1 + AA 026 + =5 ((T,Z)f + Bf)ffgﬁu + B,Ay) b

2
— 5 (08 + ) (NoF + Biof +Brod) + (b + B) 0503 — BrAf) Gy,

so that
Ey(fes1] = fier + Mooy + ﬂf)(02 + 0?)0202&

(4 Bf) (b + B,)o? U o 5,5 — o0 ((U + 05))\2 + (U + ﬁy)%;%a?) Crrt
_I_ .
g

(B.5)
Similarly, it follows that

2
_ o
Eiv] =wv + )\Ayangt + é ((0727 + o)y — mpm, + BrAy) G

2
+ 22 (73 + (02 + 0B mth, — (0 + o) Varh[ed + B, By
2
= v+ Ao & + = ((?X)u + B,)o3ms + BrAL) G
2
% ((02 + 0) (N0 + Bo03 + YuBuos) + (V5 + Bf) 020 — BLAL) b,

so that
_ . 2 2\ 2 2
Eiln] = ve + MWy + Bu) (07 + 0¢)03,056

(b7 +B7) Wby + B,)020203Gres — o2 (02 + 0D)N202 + (g + By)%0%02) 5, (BO)
> .

Equations (B.5) and (B.6) state that both Ey[f;11] and Ey[14] are not functions of past noise
trades or disturbances, so that higher-order beliefs collapse. More precisely, higher-order expecta-
tions are such that E} [fii,] = p?_lft[ftﬂ] and B, [Vi4n] = pE¢[ry] for all n > 1. This important
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observation implies that the expression from equation (B.1) simplifies to

o0 o0
er = afy + Z a"“p?ilﬁt [fes1] + ayolv, + yo? Z a”HpZEt[yt] + ayo?&,
n=1 n=1

2 o2p, —
P Eijv] + ayo?&,. (B.7)

Et[ft—H] + Oé’YUth + 702

:aft+1—apf 1—ap,

Substituting equations (B.5) and (B.6) into equation (B.7) yields
et = afy + Yy fier + Yo + At + Bl + By, (B.8)

where ¢ = 1_°‘jpf and 1), = 1”?5:}}, and A, B¢, and f3, are given by the solution to equations (4.11),
(4.12), and (4.13)

The final step is to solve for o2, the steady-state variance of the exchange rate, which is ac-
complished by first solving for Var,[f;11], Vars[v], and Covy[fi+1,1]. Bayesian inference implies

that

(Vart[ftﬂ] COVt[ftHth]) _ (Uf O>

Cove[fry1, ] Var, (1] 0 U%
2 2 -1 2
o+ o 0 ™ o 0
(o2 0 ¢y O ! ) 2
0 o2 o8 0 oy o5 T 0 n, |
n ven Ly Ty Var?t[et] wfo'g ¢V0'7%

where 7p = o2 — ,Bfag and m, = w,,o% — By0% as before. It follows by equation (B.3) that

Varilfuaa] = o — % ({02 + 03) VarS e — 72 — 207(02 + o)y + 3o + o) (02 + o)
= 02 = T ({024 o) (U0 + 0o+ N} + Bt + B0 — 2 ymy +3o? + o) — ]
= 02 = % [(02+ 03) (U202 + NoE + (U + B + BEd) — (ol — B
=2 = T2 (02 4 0) (Vo + (g + By Po) + (b + B3]

((03 + ag) Var, [e;] — 7TJ2: — 20, (02 + 0?)7@ + 2o + 02)(02 + ag))

(02 + o) (U302 + o3 + Noo? + Bt + 020 — 2, + U202 + o) — )

3
SISNCIENCISNCTCR

=07 — L [(07 + 0) (Vo2 + N0f + 8707 + (W + Bv)?03) — (ol — Bro?)?)
= 02— (02 + 02) (N0 + (¢ + B)%03) + (U5 + 1) 20207 ,
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and that

2 2
Cove[fri1,14] = —JE\I,% (mpmy = s (02 + 0Ty — oo + 03)7f + (07 + a2) (o) + 0F))
2 2
= —Ui;” (u(op + 03) (5 + Bf)of — m(v5 + By)o?)
_ (s + B0y + Br)otoiotos

v

As before, ¥ is given by equation (B.4). Equation (B.8) implies that the steady-state variance is
equal to

2

(L — — -
o’ = Ojévart[fm] + ppibyVar ] + Covi[fiy1, vi] + N0 + (V5 + By)*0f + (¢ + Br) 03,

2000y
o

which justifies the assumption that the conditional variance is equal for all investors 7. Equation

(4.14) follows. O

Proof of Theorem 4.4 This proof follows the proof of Theorem 4.3 very closely. Suppose that
the steady-state equilibrium exchange rate in period ¢ 4 1 is normally distributed conditional on
investor i’s information set in period ¢ and that the conditional variance Var;[é;41] is equal for all
investors . Lemma 4.2 then implies that the equilibrium exchange rate in period ¢ satisfies equation
(B.1). The exchange rate in period ¢ is again of the form &, = afi+v¢ fir1+vuin + A& —|—ﬁ~f§t+1 and
the goal remains to solve for the coefficients ¢, 1, A, and (3; as well as the conditional variance
2.

Bayesian inference again implies that the exchange rate in period t+ 1 is conditionally normally
distributed, so the initial assumption is justified. As in the previous proof, E[zy] = fii1 and
Eyle; — E% led]] = 5\& + Bf(tﬂ. Furthermore, the average expectation of v, is equal to v itself since
the intervention is common knowledge, and so it follows that the average expectation of fiy; is
given by

_ _ o2+ ag wfa - BfUC B —Ct41
Eilfina] = fin + (08 vyo) (WU? - chrg Y302 + \20% + BRo? <>\€t + 6f€t+1>

_ l 2 2 pra +A +ﬁfag ﬁfgg_wfag < _Ct+1 )
_ft+1+D(Je %Z)fae)( Bro? — Wg ol + 0} N+ Byl

where D = (¢5 + Bf)20'20'g + (o2 + ag);\%'g. It follows that

_ 1 //- N y _
Eylfen1] = fenr + D <(/\2<7§ + By +5f)03> o (By+vp)o? Ug) (5\& +CE;1Q+1>

A(Br + y)o? o3& — X202

- B.
(07 + 720202 + (02 1 02)3207 (B9)

= ft+1

Equation (B.9) states that E;[f;11] is not a function of past noise trades or disturbances, so it follows
that higher-order beliefs again collapse in this case. Furthermore, investors have no information
about future values of 14 besides knowledge of the current value of 14 and the stochastic process
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that governs its motion. This implies that FZ[ fran] = p?_lﬁt[ fe41] and E:[ut+n] = ply, for all
n > 1, so that equation (B.1) simplifies to

2 045'2

[0 J—
E 52 B.10
—ap t[fir1] + T—ap, " +ayoé: (B.10)

ét = Ckft +

Substituting equation (B.9) into equation (B.10) yields

€ = afi +Yyrfii +¢th+5\§t+BfCt+1, (B.11)

where ¢y =
(4.18).

The final step of the proof is to solve for the steady-state variance of the exchange rate, 62. If
investors know the value of v; in period ¢, then standard Bayesian inference implies that

~ —1
_ o+ o2 byo? —5f0 o?
Vary[fi1] = 0 — (02 y0?) (wfg2 _ gjcag V302 + A +Cﬂfac (wfa?>

1 2,2 4 3242 - 2 2
= 0'? - (‘762 'l/}fo—?) ¢f06~+2 7 ff"g ﬂfa% 1/1%”05 ’¢ 2
Broi —yo: oF +o0¢ Yo

apf and v, = 0‘_7‘79 and \ and ﬂ ¢ are given by the solution to equations (4.17) and

2, - - _ 2
=02 — % <)\2(7§ + B¢ (Y + ﬁf)Ug (r+ ﬁf)O’?) (1/’(;:752>
ot (R0t -+ (s + Bpo )

20'2 =

1y + By)? 020} + (02 + 0¢)N\20

Equation (B.11) implies that the steady-state variance is equal to

2

which justifies the assumption that the conditional variance is equal for all investors 7. Equation
(4.19) follows. O

Proof of Theorem 4.5 Let ¥ = (¢ + Bf)202ag + (02 + 02)5\202, and recall that

2

2
0,05
= (wf +ﬁf)20520g + (Y +ﬁu)2(052 + U?) Qn 2
o, + 0§

m + (U?+J%)AQJ§. (B.l?)
n é

According to equations (4.14) and (4.19),
wJ%aQag ((0727 + U?))@J? + (Y + ﬁy)207%0§) P22 2 o? ((a + OC))\2 + (¢ + ,Bf)2020'2)
a2l + NG
N0 (g + 502 + (W B,P03 — LIy )+ B)o%030%03

0'2:

(B.13)
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and
1/1f02agA2UE
20
Throughout this proof, I assume that the parameters of the model are such that there exist real
solutions A and A to the systems of equations given by Theorems 4.3 and 4.4. If this is not the
case, then these limits are undefined.
Consider the limit of A, X as o¢ — 0 and suppose that A does not diverge to infinity. In this
case, )\2 — 0 so that by equations (4.17) and (4.18) it follows that 3; — 0 and thgHOA =

hmggﬂo )\ + ayé?. Of course, the limit of A and A + ay62 can only be equal if either A — 0or

X\ — oco. Equation (B.14) implies that 52 > ’QDQJ? > 0 in the limit, so it must be that A — oo as
o¢ — 0. On the other hand, if A does not diverge to infinity as o¢ — 0, then equations (B.12),
(4.11), and (B.13) imply that

52 = + A\202 + (¢ + By)%0? + Yol (B.14)

. _ AYp(Yy + ,Bf)(O'?? +o )U 05 + Aapythu (P + ﬂy)(U? + UE)U%JE 2
lim A = lim 5 3 5 +
0e—0"  o¢—0 (Vf + Bp)2 (02 + 05)0207 + (Y + B,)* (02 + 0¢)o2os

with

lim w?UQUg(@bu + BV) oy 05 ta p12/ 302 Z(wf + ﬁf) ol UC = 2ap, by (Y + Br) (Yy + ﬁu)a O’CU(?
oe—0 a?(y + Br)*(02 + 03)020¢ + a*(y + B)* (02 + 0¢)olo}
+ (r + By)?0l + (Vo + )0} = lim o”.
As long as 0, > 0, it follows that A converges to a finite limit.

Consider the limit of A, A as o — oo, If A converges to a ﬁnite limit in this case, then equation
(4.18) implies that §; — —v; so that limg, oo A = lim,, oo @y52. Equation (B.14) implies that

2.2~4

c S22 e Y2 2 2 2 _ 9 2, 2~4 2 a "o 2
a0 = AN TS = I OO T 2%
The only real solution to the equation % = a2v204a§ + %05 is 72 = 0, so it follows that

both 2 — 0 and A\ — 0 as 0. — o0o. According to equation (B.12),

)
lim — = hm (wf + ﬁf) (UZ + Jg)ag + (¢ +ﬁy)20203 + (0727 + U(%))\zag,

Oe—00 O'

so that, much like in the case of Bf, equation (4.12) implies that 8y — —¢¢ as o — oo. These
properties imply that

Aapy by (Y + ﬁu)o}%ag

lim A= lim + aryo?. B.15
= B oge? T (2 1 a2 (B15)
The key equation is equation (4.13), which implies that
—Oépu”% 2>\20'2
lim 3, = lim In?t ¢ + avo?,

ci—oa " T gm0 (1 + B,)2020% + (02 + 03)\207
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so that v, + (B, does not converge to zero since ap, < 1. All that remains is to show that o2 and
hence 1), does not converge to zero as o — oo. This follows by equation (B.13), which implies that

: b7
lim o= lim —Lo2 ¢t pibio a§ + /\205 + (¢, + B,)%03. (B.16)

Te—00 Te—00 a2

The solution to this equation in the limit must be greater than zero since it contains the constant
2

term %0’? > 0. It follows by equation (B.15) that A converges to a constant greater than zero as
Oc — 0.

Consider the limit of A, X as o¢c — 0. As in the case of 0. — 00, equation (4.18) implies that
Bf — —1p; in this case and hence by equation (B.14) it follows that 62 — 0 and A — 0. Tt is
not difficult to show that a limit equation identical to equation (B.15) obtains for this case where
o¢c — 0, and that a similar equation to equation (B.16) also obtains. The key difference, however,
is that if oo — 0, equation (B.16) changes so that

lim o2 hm pl,¢2 203 + A 05 + (Yy +ﬂu) U&a

O'<—>0

and hence both o2 and v, converge to zero in the limit. It follows by equation (B.15) that A — 0
as oo — 0. R
Consider the limit of A\, A as 05 — 0. Equation (B.12) implies that

lim ¥ = hm (ﬂ)f + Bf)*c? aga + (0? +UC) %)\202,

os—0

and hence equations (4.11) and (B.13) imply that

My (g + Br)oZat

lim A = lim ,
50~ a0 Uy + By PoRod + (o7 + oD
and 2.2 212
¢fa O‘C)\ 05
li lim 2 2 2
= Ay By + P oto? + aloT 4 Epgd T e (Wt B
Equation (4.12) also implies that
~ o2\20?
lim Gy = lim — V17N e

050" " 050" (g + B1)2020% + (02 + 0F)N20}

Meanwhile, equations (4.17), (4.18), and (B.14) imply that an identical set of equations jointly

determine the value of A as o5 — 0, so it follows that limg,,; .o A = limg;_.0 A. O

Proof of Theorem 4.6 Suppose that the steady-state equilibrium exchange rate in period ¢t + 1
is normally distributed conditional on investor i’s information set in period t. Suppose also that
the conditional variance Var;[e;+1] is equal for all investors i. Lemma 4.2 then implies that the
equilibrium exchange rate in period ¢ must satisfy

o (o]
=3 a"ME [fren) + 790 Y 0" E [vi4n] + a0 (B.17)
n=0 n=0
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The exchange rate in period t is of the form

er = AQi(k) + o,
Qi(k) = MQi—1(k) + Nwy,

(B.18)
(B.19)

where k > 0 is the level at which higher-order expectations are truncated in the model. The goal
is to solve for the equilibrium conditions that characterize the matrices M and N, the vector A,
and the steady-state variance o2.

The definitions of the higher-order expectations vector Q;(k) and the matrices M and N imply
that B [fiin] = by (MH)"Q(k) and E} [viyn] = hh(MH)"Qy(k) for all n > 1. Equation (B.17)

then implies that

er = Y a" T () + 707 hy) (M H)"Qs(k) + ayo®s,
n=0

so it follows by equation (B.18) that the vector A must satisfy
[e.e]
A= 5" " (B 4 yahy) (MH)"
n=0

Note that this equation matches equation (4.27) exactly, so that all that remains of this proof is to

characterize the state transition matrices M and N and the steady-state variance o2.

Recall that i, = if — ap; —r = f; + x¢- In each period ¢, each investor i observes

(o2 16215
Tit Un_llmt
N 7 o G
Zit = 7 DQ(k)+ R ‘7(5_1‘5'5 )
et U;1Xt
Uglft
where
10
10 1 O3y
D= 10 ’
A
and R= (R; Ry), with
o 0O 0 0
o o B 0 0
Ry = 0o ol Ry = | O4x2 o 0
0 0 0 ayoloe

If the state vector of higher-order expectations evolves according to equation (B.19), then Bayesian
updating implies both that the exchange rate in period ¢ 4 1 is conditionally normally distributed
(this justifies the assumption of conditional normality) and that

Ei[Qi(k)] = MEy_1[Qi—1(k)] + K (2it — DM Ey_1[Q—1(k)]) ,
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where K is the Kalman gain matrix. Averaging this equation over all investors yields

ELQi(k)] = MEt—l[Qt—l(i)] + K (DMQt—1(k) + (DN + Ro)wy — DMEt—l[Qt—l(k)])

= (M — KDM)E;_1]Qu—1(k)] + KDMQ;_1(k) + K(DN + Ro)w;. (B.20)

Equation (B.20) implies that

dot qot—1
v\ =Mz + Nwy = MQi1 (k) + Ny, B.21
@ <Et[Qt(k1>J) (Eu[cztl(km) we=MQua(k) + Ny, (B.21)
where
pr 0O 0 0 .
— 2% 2k 2X2k+2 2% 2k+2
e opy i <02k><2 (M —KDM]_) + <[KDM]_> ; (B.22)
2k x 2k+2
oc 0
N={0 o "2, (B.23)
[K(DN + Ry)]-

and [M — KDM]_ is the matrix M — KDM with the last two rows and columns removed and
[KDM]_ and [K(DN + Ry)|- are, respectively, the matrices KDM and K(DN + Ry) with the
last two rows removed. The Kalman gain matrix K is given by

K = (PD' + NRY)(DPD' + RR')™, (B.24)
where P satisfies the matrix Riccati equation
P=M(P—(PD' + NR,)(DPD'+ RR')"'(PD' + NRy)) M' + NN'. (B.25)

The next step is to solve for the steady-state variance of the exchange rate o2. In order to do
this, it is necessary to compute the variance-covariance matrix

P = Vary {Qtﬂ(k’)} — Var, {Qtﬂ(kq 7

§t+1 §t+1

which depends on the steady-state dynamics of a system slightly more general than the system
from equation (B.19). Note that

UC_ICt

(Qt(k)) _ (M 02k+2><1> (Qt—1(l€)> n ( Ni N > o5 6
& 01x2k+3 -1 000 o) |oyxe ]’

Ug_lft

where N7 and Ns consist, respectively, of the first two columns and the last two columns of the
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matrix N from equation (B.23) above, and that

Tit 1 0 1 0 O .

L= | Yit ]| — 0 1 Ozxop41 | [(Q:(K) N 010 ft
u i 10 & 00 1| |™m
€t A afyaQ 00 0 Xt

This system of equations both justifies the assumption that the conditional variance is equal for all
investors ¢ and implies that the matrix P is given by the solution to the Riccati equation

P=0 (P —(PD' + NRY)DPD' + RRYY(PD' + NR’Q)’) M + NN, (B.26)
where
1 0
~ (M Ogpyaxi & [ Ny Ny ~ [0 1 Osx2k41
M_( 015x2k+3 >’ N_<0 0 0 Uf)’ P=1r o
A avyo?
R o o 0 R 02x4
R= (R Ry, Ri=(0 o,], Ry=1{0 0 oo, 0
02><2 0 0 0 0

Because e;11 = AQy1(k) + ayo?&41, it follows that
o? = (A ayo?) P (A 04’702)1. (B.27)

I conclude that the matrices M and N and the steady-state variance o2 from the approximate
equilibrium of Theorem 4.6 are given by the joint solution to equations (B.22), (B.23), (B.24),
(B.25), (B.26), and (B.27). The fact that this approximation converges to the true steady-state
equilibrium of this model is shown by Nimark (2010a). O

Proof of Theorem 4.7 Suppose that the steady-state equilibrium exchange rate in period ¢ + 1
is normally distributed conditional on investor ¢’s information set in period t. Suppose also that
the conditional variance Var;[é;4+1] is equal for all investors . Lemma 4.2 then implies that the
equilibrium exchange rate in period ¢ must satisfy

[e.e] o0
& =Y " TE [fryn) + 167> o E [viyn] + a6 (B.28)

n=0 n=0
The exchange rate in period t is of the form
~ i ayo 2 ~2
ér = AQu(k) + 1 v + ayo&y, (B.29)

- v

Qi(k) = MQu—1(k) + Niiy, (B.30)

where k& > 0 is the level at which higher-order expectations are truncated in the model. The goal
is to solve for the equilibrium conditions that characterize the matrices M and N, the vector A,

and the steady-state variance &2.
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As in Theorem 4.6, the investors do not publicly observe the value of f; in each period ¢, and so
higher-order expectations of this interest rate parameter are part of the equilibrium exchange rate.
However, unlike in Theorem 4.6, the investors do publicly observe 14 and hence there are no higher-
order expectations of current or future interventions. It follows that E} [fiin] = h}(MH)"Q:(k)
for all n > 1 as before, while now E} [v44,] = p"v; for all n > 1. Equation (B.28) then implies that

aye?
1—ap,

€ = Z o h) (MH)"Qu(k) + v+ a5y,

n=0

so it follows by equation (B.29) that the vector A must satisfy

A=) "o Mh (MH)™
n=0

Note that this equation matches equation (f1.33) exactly, so that all that remains of this proof is to

characterize the state transition matrices M and N and the steady-state variance &2.

Let e; = é; — fﬁj;j v¢. If the foreign central bank announces the value of 14 publicly, the relevant

observations for each investor 7 in each period t are given by

. Ue_llﬁit
~ Tit s U_ C
Zit — ¢ = DQt(k’) + R Sl ! 3
= UX Xt
€t 21
O¢ &t
where
1 0
_D — 1 2%k ,
A
and R = (R1 RQ), with
Oc 0 O 0
Ri=|0], Ry=([0 o0, 0
0 0 0 ays’oe

If the state vector of higher-order expectations evolves according to equation (B.30), then Bayesian
updating implies both that the exchange rate in period ¢ + 1 is conditionally normally distributed
(this justifies the assumption of conditional normality) and that

EilQu(k)] = MEy1[Qu1(R)] + K (24 — DMEi 1[G (k)
where K is the Kalman gain matrix. Averaging this equation over all investors yields

Ei[Qi(R)] = MEi1[Gr-1(k)] + K (DMQy1 (k) + (DN + )iy — DMEy1[Qr-1(k)))
= (M — KDM)E;_1[Q;_1(k)] + KDMQ;_1(k) + K(DN + Ry)ii;. (B.31)
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Equation (B.31) implies that

I, (k) = <Et[Q:?Z B 1)]> =M <Et_1[é0ilék B 1)]> + Ny = MQy_1 (k) + Ny, (B.32)
where

(o) o o) (i) 0

%= (Fon+ ) (B:34)

and [M — K DM]_ is the matrix M — K DM with the last row and column removed and [K DM]_
and [K(DN + Rs)]_ are, respectively, the matrices KDM and K(DN + Rs) with the last row
removed. The Kalman gain matrix K is given by

K = (PD' + NRY)(DPD' + RR')™, (B.35)
where P satisfies the matrix Riccati equation
P=N (P — (PD' + NR,)(DPD' + RR)"Y(PD' + NR'Q)’) M + NN, (B.36)

As in the proof of Theorem 4.6, the final step is to solve for the steady-state variance of the
exchange rate 2. In order to do this, it is necessary to compute the variance-covariance matrix

P = Vary {Qtﬂ(’f)} — Var, {Qt—kl(k)} 7
e+ t+1

which depends on the steady-state dynamics of a system slightly more general than the system
from equation (B.30). Note that

1
(@t@)_(w o) (@t~1<k>>+(m Nz) %,

& 01xk+2 §i—1 0 0 o¢ UX—1§t 7
I3 t

where N; and N, consist, respectively, of the first two columns and the last column of the matrix
N from equation (B.34) above, and that

Tt 1 ~ 1 0 )
Gu= |7 | =1 Y2 <Q2(k)>+ 0 1 (6“>.
& A ayd? ! 0 0 X

This system of equations both justifies the assumption that the conditional variance is equal for all
investors ¢ and implies that the matrix P is given by the solution to the Riccati equation

P =1 (P— (PD' + NEy)(DPD' + RE)™ (PD' + Nzizg)’) M + NN, (B.37)
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where

- . 1
= (M Ok:+1><1> . N= ( 1 N2> . b=|1
O1xk+2 0 0 o
) (o /0 0 0
R= (R Ry, Ri=|(0], Ry=10 o 0
0 0 0 O

2

Because €441 = Aﬁtﬂ(k?) + 2L

T—apy Yt + ow&thH, it follows that

~9 2
52 = (121 oz’y&Q) P (fl a’y&2)/ + < e > ag.

1—ap,

0oy kt1

(B.38)

I conclude that the matrices M and N and the steady-state variance 62 from the approximate
equilibrium of Theorem 4.7 are given by the joint solution to equations (B.33), (B.34), (B.35),
(B.36), (B.37), and (B.38). The fact that this approximation converges to the true steady-state

equilibrium of this model is shown by Nimark (2010a).
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