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Supply chain strategies and international tax arbitrage

1. Note on asymmetric taxation of profits and losses

In addition to the notation introduced in the paper, we use the following additional notation in

this subsection:

Table 1 Additional notation
0 Number of years allowed by tax law for carryback of tax credits
fr Number of years allowed by tax law for carryforward of tax credits
z  Interest rate
V; Random variable for profit at time j with mean m and standard deviation s

This paper considers a single period of activity. However, in practice, tax credits from a current
period can also be applied to either earlier or future periods. The following analysis will evaluate
the impact of making this explicit.

Let 0p represent the length of the carryback window (currently 2 years in the U.S.) and 65 the
length of the carryforward window (currently 20 years in the U.S.). Limitations on the lengths of
these windows, the presence of an interest rate z, and the possibility that profits will not be enough
to use up any accumulated tax credits combine to create divergence between models of symmetric
and asymmetric taxation. We show next that this divergence is insignificant in many real settings.

Let Vj represent before-tax profit in period 0. V;" = max{0,V,} and V; = —min{0, V,}, such
that tV,~ represents the tax credit in period 0. The expected exercised value of V| estimates how
to “discount” the value of tax credit. If the interest rate is non-zero, tax credit should be used as
soon as possible. A naive alternative, which we assess for tractable analysis, is to spread the tax

credit across the entire (65 + 0)-year time window. The expected exercised value of ¢tV is then:

1 . 1
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Assuming the current time windows for companies operating in the U.S. (g =2 and 0 = 20),
the expected exercised value of tax credit under the naive strategy equals 0.71 (0.77,0.84,0.91) of
tVy,  when the interest rate is 4% (3%,2%,1%). Provided that the firm realizes profit soon after
seeing a loss, the optimal practice of using the tax credit as soon as possible should result in an
even smaller gap. Moreover, since tax credits get netted with tax liability, the MNF can consider
the NPV of the average income as follows: NPV = j— <%:(1 +2)V_;+Vo+ Z R v )

Assuming the V; are i.i.d. normal random variables with mean m and standard dev1at10n s, the
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average income is also normally distributed with mean m and standard deviation m, making
the probability of a negative observation very small. We thus conclude that treating the tax credits
and tax liabilities symmetrically is a reasonable approximation provided that the risk-free interest

rate z is low and the time window to use tax credits is large.

2. Derivation of the division manager’s Certainty Equivalent
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The expectation of the utility function with respect to ¢ is:
ke?
E[U(O(, /87 Yis €59, 6)] = EZL‘p[—T‘(OZ + 67@'77(67 q, 6) - 7)]f(€)d€ =
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Only one part of this integral depends on €. That part can be simplified as follows:
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Normal density with mean
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Then the expected utility can be written as:
2.2 2 ke2

]E[U(au 6)/71'7 €, %5)] = —E$p[—TCE], where CE = « +/87i7r(6’q’0) - %T/B27z q-o
3. Sensitivity Analysis of the solutions to Problems N, C, L, and F

3.1. Problem N
The following table summarizes the direction of change of the optimal solution to Problem N (No

Distributor).



Measure Effort (e}) Quantity (¢3) Price (py) Profit (IIY)
Cost of effort premium () 1 l I
Cost of effort (k) J i} {
Product cost (c) i) i} T

HQ tax rate (t) -
Fixed distributor’s cost (d) - - -

D

First derivatives of all decisions and the resulting profit for Problem N are summarized below.

Since 0k > 1 and ¢ < 1, the signs of the derivatives are straight-forward:

. dely Aoy dpy iy
J: i dj dj i

2(1—c) 1—c 1—c (1—c)*B(0)
Cost of effort (k) Gz S0~z <0 —mnz <0 ~ -2k =0

<0 Yoke[l/2,1] (.
sk=1 ) = (c=1)3kB(0)

Product cost (c) - 25k <0 25k <0 o5 S0 Vok>1 ’ o1 =0
HQ tax rate (t) - - - - (64:511)—2516 <0
Fixed distributor’s cost (d) — — - —(1—1)

The results on sensitivity of effort, quantity, and price on production cost ¢ could be generalized
as follows:

Let c.(e) represent the cost of effort, which is convex increasing in e and let 7(e,q,€) =
q(p(e,q,e) —c) = q(p(e,q) +€—c), where p(e,q,€) =p(e,q) + € is the inverse demand curve with
additive noise, p(e, q) is increasing in marketing effort e and decreasing in ¢, and R(e,q,) = q (p(e, q))
is jointly concave in e and ¢ and continuously differentiable, implying that the Hessian matrix is

semidefinite: a;; <0, asy <0, and a;1a95 — a2, > 0, where

9*R(e,q) 9°R(e,q)
11 Q12 \ & [ TaZ aeaq
o1 A2 m m
dqoe dq2
Assuming a non-ill behaved function R(e,q), a2 = as = ay.

The No Distributor’s optimization problem can then be written as:
max iy (e,4) = B [a ((e,0) + € — ¢) — de.(e) —d] (1~ 1)

7y (e, q) is jointly concave in e and ¢ by assumptions on R(e,q) and c.(e). Hence, optimal e* and

q* solve the first order conditions:

ornes) _ o) i % jop(eq) (2)
T 5~ —c=ple,q) + ¢ —c=0.

{ ory(eq) _ ORleq) _ gdeele) _ 9dP(eaq) _ gideele) _ )

9q
We differentiate the first order conditions in (?7?) above wrt ¢ and apply the Envelope Theorem

to the profit function of ¢ (other sensitivities can be obtained in the similar way):

) de? dc de2  dc dedq dc
0“R 2°R
(e,q) de + (e,q) dg _ 1=0.

{ 90’p(e.q) de _ sd’cele) de 4 O°Rle.q)dg _ )
dedq dc dq? dc




ce(e)

Replacing §Lcele) T~ with b, we can re-write as:

dqg

(a1 —b)%e —{—aodq =0
aodc‘i'azz* =0

We can evaluate two cases: ag =0 and ag # 0.

Case ap=0: From (a;; — b)— =0, we have =0if a;; #0.
And %:$<0 if(IQQ?éO.
ag = 0 implies that the quantity and effort do not have a joint effect on the revenue, which is

rarely practical.

Case ag # 0: From the second equation, we have % = ai (1 — a22d ) Plugging into first, we

_ — dg _ g beay
get (an b) = (1 Q29 dc) +apl =0 and after some algebra, we can obtain: de = @ agparitazsd and

Recalling that b > 0, a;; <0, ax <0, and aj;a — a?, > 0, we conclude that

de ag

dc — a3—agpaii+aggb’

% <0 and quantity decrease in c.
The sign of % depends on ay:
If ap > 0 (i.e., ¢ and e are complementary in the revenue function R(e,q)), the effort is decreasing

in c. Since p(e, q) is increasing in marketing effort e and decreasing in g, price is nonmonotone in

C.

If ap <0 (i.e. ¢ and e are substitutable in the revenue function R(e,q)), the effort is increasing

in c.

3.2. Problem C

The following table summarizes the direction of change of the optimal solution to Problem C

(Commissionnaire).
Measure Effort (ef) Quantity (¢i.) Price (pi) Profit (II})
Cost of effort (k) 1 1 1 1
Product cost (¢) { i} i} i)
HQ tax rate (t) - - - i}
Foreign tax rate (7) - — — nt
Profit allocation (vy¢) - - - 0
Reservation wage (w) - — — {

First derivatives of decisions are the same as in Problem N and are omitted. Comparative
statics of HQ’s profit in Problem C are summarized below. All the signs follow from the following

conditions: k> 1, ¢<1,1>t>7, and y¢ < 1.



. aiT,

J: 4

Cost of effort (k) % <0

Product cost (c) % <0

HQ tax rate (t) _% <0
12 <0 VYw< (e=)?kye

Foreign tax rate (1) w— <=2k1c Ih—2
k=2 >0 VYw> Dkic

1k—2
3 (c— 1) k(t—T1)
Profit allocation (y¢) =D REmT) >
Reservation wage (w) —(1-7)<0

The results on sensitivity of effort, quantity, and price on production cost ¢ could be generalized
similarly to the results in Problem N. The only difference compared to Problem N is as follows:
in Problem C, HQ decides a, e, and ¢ to maximize her expected profit such that o > w. However,
since the constraint is binding at optimality, a* = w, sensitivity analysis for Problem C becomes

exactly the same.

3.3. Problem L

The following table summarizes the direction of change of the optimal solution to Problem L

(Limited Risk Distributor).

Measure Effort (e;) Quantity (¢;) Price (pj) Bonus (5;) Profit (II})
Cost of effort (k) ) ) I} 1 1
Risk exposure (£) i) J J 1 1
Product cost (c) i} i) i - b
HQ tax rate (t) i) J J i} b
Foreign tax rate (7) 0 0 0 0 i)
Profit allocation (vr) 0 0 0 l 0
Reservation wage (w) — - - — {

Signs of derivatives follow from the modeling assumptions. For derivatives that can be = 0, we

find the threshold at which each derivative changes sign by setting it equal to 0.

jt L o

Cost of o (7 P e < T <

Risk exposure (§) —2k 2(;;)}(;(;)3(%) <0 k2((12A‘];)(1B(;)LB;)(;L) <0

Product cost (c) G B( §) < ﬁ <0

HQ tax rate (t) W <0 W <0

R s (1) 203l il
) ML AT) > k(1= Al=T) -

Profit allocation (v, 2Ah—BO))E 2 A—BODY 2
(

w) — —

Reservation wage




jt ) P o

ool () TS g g < e <y
¢ - S
Product cost (c) 2‘:’3;7% - %ﬁfﬁ” <0
N, T T
Foreign tax rate (r) &= C()gw?)(k;i‘))(l L) > (ti)T(;;JLL) >0 w— UCEH)k(l72(:()22,&]6_14;@(:)7)27)73(%)2)
Profit allocation (vr) % >0 _ﬁ <0 k2(1_c>(22(,i;:);((ff;r)é)2(t_T) >0
Reservation wage (w) - — —(1—7)

3.4. Problem F

For Problem F, we present relevant comparative statics in the proof of Proposition 6 below.

4. Proof of Propositions

Proof of Proposition 1 For the profit function IIy(e,q) = <IE€6 [7(e,q,€)] — %) (1 —1t) the Hes-

—0k(l—t) 1—t
1—t  —=2(1-¢)

which is positive since dk > % The function is thus jointly concave in e and ¢. First-order conditions

(Pled) — (1 —t)(q — edk) = 0 and D — (1 —£)(1 — ¢+ e — 2¢)) then yield e}, = 575 and

* 6k(1—c)
AN = 5K—1 -

sian matrix is: . The second-order principal minor is (20k — 1)(1 — t)?,

Proof of Proposition 2 Omitted due to similarity to Proof of Proposition 1.
Proof of Proposition 3 Proposition 3 identifies the threshold #4c that makes Ilo = Ily.

2
This follows from solving #1-9° ol — d(1 — ) = M5 50el — (1 — 1) to find fo =
2(2k—1)(w(l-7)—d(1-t)) _ (6—1)(1—t)
(1—c)2k(t—7) (26k—1)(t—7) "

Comparative statics of Jc:

1. With respect to w: "?—5 = % > 0;

2. With respect to d: 9¢ = % <05

3. Since 0 < ¢ < 1, (1 —¢)? decreases in ¢, J¢ increases in c.

; ) d4 _ (5=1)(1=7) 202k—1)(d(r—D)+w(l-7)  _
4. With respect to t: g¢ = B E (—1)Zh(i—7)2 =

—r [ 2(2k—1)(d—w)(28k—1)+(5§—1)k(1—c)? S—Dk(1—¢)® o . .
(t1—7—)2 ( (2k=1)( k(l)(—c)2(26)k—(1) Jk(1=c) ) Hence, when w < d + W, q¢ increases in ¢, and

decreases otherwise.

5. With respect to é: dm = —% <0;

6. With respect to k: 3¢ = 2(iogatiod) — Zo0nema,
5(1—8)(1—t)(1—c)% k>
(20k—1)2(1—71)

7. With respect to 7: dg—f = —(t:t)g (2(2’(“:2)(;1]:”) + 22:1), hence ¢ decreases in 7 when w <
(=1 (1—c)2k

d+2(2k 1)(26k—1)°

Hence, when w > dll_;f + , Yo increases in k, and decreases otherwise.

and increases otherwise.



Proof of Proposition 4 We first find the best-response behavior of the manager. The manager’s

2
%fi@ = —k) and the first-order condition identifies the

= Bqvyr, — ek =0, hence e;, = ﬁq]ZL.

We substitute this into the profit function to obtain II.(8,q) and then optimize over 3 and

certainty equivalent C'E is concave in e (

optimal effort level ey : 8CE e)

Wi o : ; L : O’y (Ba) _ _ 4*Avf
q. We optimize sequentially. The firm’s profit function is concave in §: 952 = < 0.

We find the extreme point for S using the first-order condition (M =0) and discover it to

be independent of ¢: 3} = B(VL . We then substitute ] into the objective function and find the

277
optimal ¢*. T, (3}, q) is concave in ¢: 2 “géfﬂ 9 B(”)(i(gf) 248 < 0 since k > 2 and A> B(yy).
The first-order condition then delivers the optimal q:anng L9 — B(VL)(‘?B(VLL;A’“(C”"*D) =0 and
x .  A(l—o)k
hence, qr, = m

Proof of Proposition 5 We first find the threshold 4, that makes II; =II¢:

k(1-c¢)* B(vo) _k(1—0)2 B (41)
5 2k_1—w(1—7')— 5 Qk—%_w(l_ﬂ

This simplifies to:

B(yw) _ 2k-1
B(?}/L) 2% — B(’YL)

2kB(ve) — PUE Biyo) = 2k - 1)B(3)

A
T T A=A+ B () 2k — 1+ 2Ge)
2kB(v¢)

N N 2e—1420c)
We can now express 4y, as y, = ————4—

1=
t—T1 t—

1 2kB(v¢) 1=t
t

—7"

1—-t
T T 914 8500)
First derivatives show comparative statics of Ay .

1. Effect of tax rate ¢ (we use the chain rule). For ease of exposition, we replace B(v¢) with B

in the following derivation.

04.(B,t)  —2AkB+(A(2k—1)+B)(1-1)
ot (t—7)2(A(2k—1)+ B)
0 2kA2(2k — 1)
0B (t—7)(A(2k — 1)+ B)?
dB
pr =7 —1

&y 04rdB | 04
dt 9B dt = ot
_ 2kA*(2k—1)(ve—1) | —2AkB+ (A(2k—1)+B)(1—7)
~ (t—T)(A(2k—1)+ B)? (t—7)2(A(2k—1)+ B)
_ 2kA*(2k—1)(yve —1)(t —7) — 2AkB (A(2k — 1)+ B) + (A(2k — 1) + B)*(1 — 1)
(t—7)2(A(2k—1)+ B)*




A2k —1)(r—1)—24B(k(B+2r —2) —7+1)— B}t — 1)
(t—7)2(A(2k— 1)+ B)?
(A= B)?+4ABk)(1 - 7) — 2Ak(A(1 — 7) + B?)
(t—1)2(A(2k — 1)+ B)?
(1—7) (= (2k — 1)(A — B)? — 2B2k2¢)

= (t—7)2(A2k—1) < B) <0

Hence, 4, decreases in t.

2. Effect of cost of effort (k):

A 2BkE(1—7) 2BA _ 2BEA((2k —1)§(1 — 1) +24)
dk (t—71)(B+2k—1)A4) ' (t—7)(B+ (2k—1)A) (t—7)(B+(2k —1)A)2

<0

dyr  2B(1—71)((2k§+1)B - (1 —7)(k{+1)?)
dk (t—7)(A(2k - 1)+ B)?
Since (2k€ +1) < (k€ +1)? and B< (1 —7), ((2ké +1)B — (1 —7)(k{ +1)?) <0 and 4L <.
3. Effect of risk exposure (§):
Hr _ 2k*(1 = 1) B (v0)*

&€ ") (k- DA+ BO)E

4. Effect of profit allocation percentage (y¢):

B 24%hE-1)
dve  (A(2k—1)+ B(y0))?

5. Effect of foreign tax rate 7:

Taking the full derivative with respect to 7 (for clean exposition, we replace B(vy¢) with B).

T . +2k(B2(t—T)%+(2k—1)A2((t—T)%+B)+AB2)
dr — (t—-r1)° (t—7)%((2k —1)A + B)?
dA
dB
E:—Wc

(t—7)“E + B simplifies to: —(t —7)yc+ (1 —t)+ (t—7)yc=1—1t.

1=t 2k(=B*(t-71)(k{+1)+(2k-1)A*(1-t)+ AB?)

e P (t—1)2((2k DA+ B)?

AB? — B2(t — 7)(k€ + 1) simplifies to: B*(A— (t —7)(ké + 1)) =B*(ké+ 1)1 -7 —t+7) =
B2(kE +1)(1—1).



vy, 1-t  2k(B*(EE+1)(1—t)+ (2k—1)A*(1—1t))
dr ~ (t—71)? (t—7)2((2k —1)A+ B)?

o 1—t 2k(1—t)(B*(kE+1)+ (2k—1)A%)

T (t—1)2 (t—71)2((2k—1)A+ B)?

—(1=t)((2k —1)A+ B)? +2k(1 —t) (B*(k +1) + (2k — 1) A?)
(t—7)%((2k—1)A+ B)?
(¢ ((2k —1)A+ B)? — 2kB?(ké +1) — 2k(2k — 1) A?
= -1~ (t—7)2((2k —1)A+ B)? -
((2k —1)A)*> +2(2k —1)AB + B> — 2kB? — 2k(2k — 1) A* — 2k*B%¢
(t—7)2((2k —1)A + B)? N
(2k —1)(2k — 1) A? — 2k(2k — 1) A* + 2(2k — 1)AB — B*(2k — 1) — 2k*B%¢
(t—7)2((2k —1)A+ B)?2 N
—(2k—1)(A— B)*—2k*B%*¢ _ (1—1t)((2k —1)(A— B)*+2B%k%)
(t—7)2(2k—1)A+B)2 (t—7)2(A(2k—1)+ B)2

— (1-1)

= (11

>0

——(1-1)

Hence, 4 increases in 7.
Proof of Proposition 6 First, find the optimal response of the manager. The certainty equivalent

for Problem F':

ke 1
CEp(a,f,e,q) = a ===+ By (7(e,q,0)) - 5?“(127%6202 (3)
_a_kie2+/8 (1+ oy _1 22ﬁ2 4
= 5 Yrq(14+e—qg—c) 5840 (4)

We first show that CEr(«, 3,€,q) is jointly concave in e and q.
620EF(O‘? 67 €, q)

P =—k<0;
aQCEFa(QO‘q’ Pred) —Byr(Byr+2) <0;
>
d CEgg,qﬁ,e,q) — By
8QCEF(§§6, B.eq) 8QCEF(§;J;,5,6,Q) N (3QCEg(€<gf, €,q) )2 = B2y (kE — 1) + 2kByr > 0.

—k Br
Byr —Byr (BEYr+2) )
The second principal minor is then SBvyp (Byr(k&—1)42k) > Byr (Byr(kEé—1)+1) =

Byr (Byrké +1— Byr) > 0.

The function is thus jointly concave in e and q.

In other words, the Hessian matrix is <

First-order conditions then can deliver the manager’s best-response ¢ and e:

aCf-EF(aa 67 €, Q)
9q
aC’E1F(a7 /37 €, q)
de

= Byr(—c+e—BEqyr—2¢+1)=0

= Bqyr —ek=0
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Solving for e and ¢:

_ ok
1= 5’YF
Byp (—c+e—ﬂ€;,zw —2;,Z +1> =0
—cByr +eByr — BEekyr — 2ek + Byp =0
one_ Prple=1) _ Br(l=¢)
" (Byr — BEkyr —2k) — (Byr(kE—1) +2k)
_epk kE(1—c¢)
= Byr  (Byr(kE—1) + 2k)
BA—o)r k(1-c)

Substitute ex = i and qr =

e 120 @rte-nren 060 Hrlar, f,er,qr):

BarF 152(1%712?14_

Op(B8) =1p(ap,B,er,qr) = qr(1+ L —QF—C)B(’YF)_Q L w(l—7)
= ar(1- 50w+t (O - 0B6s) - 55 EA) —ui )
_ KO=0PBOS) o (B ey B o
— e v (O - 0BGm - PR ) —uti-7)
_ _k(1-¢)*B(yr) k21— c)? Byr _ P AN (1 —r
~ e D1 G T (3 VB~ i A) —ui=7)

(Byr(kE —1) 4 2k) (Byr(k§ —1) 4 2k)
k(1—c)* (2B (yr) (BkEyr + k) — AB*E)

) (B('VFH k(53— D BOr) - BQZFA)) —w(l-7)

= 5 —w(l—"7).
2(Byr(k§ — 1)+ 2k)
Substituting into the MNF’s profit function yields:
— k(c—1)*(2B k +k)— AB%y2
HF(B): ( ) ( (IVF) (/8 £7F ) B 'VF) —w(l—T).

2 (Byr(kE —1) +26)°
Look at the part that is relevant for the derivative (we replace B () with B for cleaner expo-

sition in the derivation):

2B(Bkéve + k) — AB*2
(Byr(kE — 1)+ 2k)

Numerator:
2B(Bkévr + k) — AB*yE

Derivative of the numerator with respect to 8:

2Bkévp — 2ABYE = 27 (BkE — AByr)
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Denominator:
(Byr (kg —1)+2k)" £

Derivative of the denominator with respect to j3:

2 (Byr (k€ —1) + 2k) yr(kE — 1) £=2Zyp (k€ — 1)

2B(BkEvp+k)— AR,
(Brp (kE—1)+2k)*
B

Numerator of

(2Bk&vr — 2AB75) 2% = 2Zyp (k€ — 1) (2B(Bkévr + k) — AB* ) =
Z ((2Bk&yr — 2AB7E) (Byr(kE — 1) +2k) — 29 (k€ — 1) (2B (BkEvr + k) — AB*5))

2vp(BkE — AByr) (BY +2k) — 2V (2Bk (Bévr +1) — AB*2)) =

2vpBkE — 2v3 AB) (BY +2k) — 4Y Bk(B&yp + 1) +2Y AB*47) =
2vp BkE — 297 AB) (BY + 2k) — 4Y BkB&yr — AY Bk — +2Y AB*47) =

—~~

Z(
Z(
Z(
Z (2vpBkEBY — 293 ABY + 4yp BK*E — 4kv3 AB — AY BkB&yr — AY Bk + 2Y AB*y}) =
Z (2vr BKEBY + 4yp BK*¢ — 4k AB — AY BkB&yr — 4Y Bk) =

Z (—2vr BkEBY + 4yp BK*€ — 4kviAB — AY Bk) =

—2kZ (yrBEBY — 2vpBkE + 293 AB+2Y B) =

—2kZ (ypBEBY — 2yp BkE+ 277 AB + 2vp (k€ — 1)B) =

—2kZ (ypBEBY — 2yp BKE + 275 AB + 2vp BkE — 2vpB) =

—2kZ (yp BEBY + 292 AB —2vpB) =

—2kZyp (BEBY + 2ypAB — 2B)

Substituting Y and Z back, we get:

—2k (Byr(k€ — 1)+ 2k) vp (2yp AB+ B(§Byr(kE — 1) —2));

Putting together with the remainder of the function (replace B back with B (yr)):

Ollp(er,qr) _  k*(c—1)°vr (2AB7r + B (yr) (BEyr (k€ —1) — 2))
9p (Byr (k€ = 1) +2k)" |
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Since the denominator of %ﬁ’qﬂ is positive, the numerator is linear in 5, and ‘m%ﬂ(ﬂ)} .

(1-0°vr B(rr) s - - .
SRS > 0, the first-order condition provides the optimal 3:
B = 2B (vr)
" e QA+ E(RE - 1)B (vr))
Substitute 83 into the profit function:
2B 4B? 2
- . k(1—c)? (QB (7 EATE(Re—DE) P IF +k) -4 2(2A+§<k571>8>27F)
p(Br) = ( 5 ) - . ok 5 —(1—=7)w.
(st e (ke — 1) + 2k)

Simplifying to:

— o (1-0%k (244 B(yr)k€?)
e Y T B(yr) (k26> — 1)B(7F) Sl

Comparative statics of ¢}.

Substituting £} into ¢, we get:

. e (1-c)k
QF(BF) =
(

B(k&—1) '
2 sazseqe-n T k)
To evaluate derivatives with respect to k and &, we expand A:

(1—-0o)k

B(ké—1) '
2 (2(k£+1)(17'r)+35(k§71) + k)

ap(Br) =

1. Take derivative wrt k:

dgp(By) _ B(1—c) (BE(kE—1)*+2(1 —7) (k*€* — 2k{ — 1))

dk 2(kE + 1)2(B(kE — 1) + 2k(1—7))?

The second term in the numerator may change sign. Hence, we set it equal to zero to find the
threshold.

(BE(kE—1)*+2(1—71) (kK*€*—2kE—1)) =0

Solving for k, we get:

_ BE+2AA-T) +26/(1-7)(BE+2(1—-7)) 1 N 2y/(1—7)(BE+2(1—7))

(BE+2(1-1)) € §(BE+2(1—-7))

L, 2,/(1—7)
£ &/(BE+2(1—-1))

Re-write this in terms of k&:
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2\/(1—71)
V(BE+2(1 - 7))
Since k€ > 1, we only consider one root that is > 1:

2/ (1—-71)
V(BE+2(1—T))

ke =1+

ke =1+

24/ (1—7) . . .

When k€ > 1+ ————, ¢5(B}) increases in k, and decreases otherwise.
V(Bet2(1—7)) TEVOE ’

2.

dgi(By) _ B(L— )k (B(ké — 1) — 4k(1 — 7))
d€ 2(kE+1)2(B(k&E—1)4+2k(1—1))2
The second term in the numerator may change sign, therefore we set it equal to zero and find
the threshold:

(B(k€ —1)* —4k(1—17)) =0

Solving for &, we get:

_Bk:tZk\/B(l—T)_1i2\/(1—7')_
TUBmE kT VB

Re-write this in terms of k&:

B 2\/(1—71)
Ke=12 =Y

When k€ > 1+ 2 V\(/gﬂ, qr(B3) increases in £, and decreases otherwise.

3. To evaluate derivatives with respect to t, 7, and vp, we also expand B:

(1—c)k
(I—ttyp(t—7))(kE—1) '
2 (2( -+ k)

ap(Br) =

kE+1)(1—1)+(A—t+vyp(t—7))§(kE—1
Evaluating signs of the derivatives, we find:

dgp(Br) _ _ (A—c)d—vp)(kE-1)(A-7) _

dt (1+k§((B(kE—1)+2k(1—7))%) —
Hence, ¢;(55) increases t.

dgi(Bp) _ —(1—c)(L—yp)k(RE-1)(A 1) _
dr  (L+k)((B(kE —1) +2k(1—1))2) =

Hence, g5 (55) decreases in 7.

dgp(Br) _ —(A=ck(k§ —1)(1 —7)(t —7) <0

dyp (L+KE((B(KE —1) +2k(1 —7))?)
Hence, ¢;(55) decreases in yg.
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Behavior of price with respect to c:

o _ 2k Biyr(RE—1) + Biyr(1—¢) —k(1—¢) _ k(1 +¢)+ Bpyr(kE—c)

* :1+€* _ — —
Pr F—Adr 2k + Byyr(kE — 1) 2k + Bpye(kE —1)

dpy _ k— Brvr
de 2kt Bpye(kE — 1)

Since the denominator is positive, % >0 when k — Spyr > 0:

2B
24+ E(ké —1)B)
2Ak + &(ké —1)Bk — 2B >0

k>(

k2€*B + k(2A — BE) — 2B >0

d *
Hence, % > 0 when

L EB—24— \/(EB—2A) 185
< 2BE

or

Lo §B—24+ V(B —2A)? +8B2¢2
> 2BE .

Since k > % by Assumption and first root is less than zero, the only relevant condition is:

Lo §B—24+ V(B —2A)? +8B2¢2
> 2BE .

Behavior of profit function with respect to 7:

— .. (1—¢’k B(24+ Bk&)
MelBr) = o+ oo -1 “U~7)

' B(r)(2A(r)+B(1)ke?
Consider g(A(r), B(7)) = 2A(T)(k+B(T)(k2€2_1))‘

dg(A(r),B(1)) 0gdA 0g dB

dr ~9Adr " 9B dr
B _
dT - ,‘YF
dA
—— =—(k{+1)
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dg  2B(2Ak+ B (k€2 —1)) — 2kB(2A+ Bk¢?) 2B (k€2 — 1) — 2k2B2E? 2132

0A (24K + B (k262 —1))2  (24k+B(k2¢2—-1))2  (24k+ B (k22 —1))2

89  2(A+ BkE?)(2Ak + B (k*€* — 1)) — B (2A + Bk€?) (k2¢2 — 1)
dB (24K + B (k262 —1))?
4Ak(A+ BEkE?) + B*kE* (k2% — 1)
(24K + B (k22 —1))?

dg dA 89 dB (k& +1)2B2 —r(4Ak(A + BkE?) + B2k&* (k€ — 1) (kE+ 1))
dAdr OB dr  (2Ak+ B(k2€2—1))? (2Ak + B (k2€2 —1))2
(k€ +1)2B? — vp(4Ak(A+ BkE?) + B2kE* (k€ — 1) (k€ + 1))
(2Ak + B (k2£2 — 1))2

(k€ +1)B%(2 — ypke?(ké — 1)) — dyp Ak(A + Bke?)
(2Ak + B (k€2 —1))2 '

Ay (1= )%k dyp AR(A+ BRe?) — (K€ + 1) B2(2 — yrké (ke — 1))
ar 0T 4 (2Ak + B (k2£2 —1))2 .
Ay (1—0)2k 2B — kyp(BE +2(1 — 7)) (24 — BE(1 — k€))

ar YT T4 (k€ + 1)(B(1—k€) — 2k(1—7))?

(1=0)%k 2B —kyp (BE+2(1-7)) (2A—BE(1—k¢))

Hence, IIr(B;) increases in 7 when w > “=% RETT) (B k8 k(1) )2
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Proof of Proposition 7 First we show that I}, is monotone increasing in ~yp:
dlly _ 0 4B _ (1—c)’k 4Ak(A+Bke*)+ B2 ke? (k*¢%—1)

dyp ~ 9B dvp 4 (2Ak+B(k2¢2-1))2 (t=7)>0.
Then we find a threshold on v that makes II}, =1II; :

(1-¢)’k B(9r) (2A+ B(9r)k&?)
1 24k + B(r) (k22— 1)

(1-c)’k  B(y)A
2 24k—B(v)

—w(l—71)= —w(l—7);

To find 4r, we need to find B(9r) that satisfies:

B(’AYF) (2A+B(’A}’F)k§2) zB(’YL)A

24k + B(yr) (k262 —1) 24k —B(v.)

Which we rewrite as a quadratic function in B (4r):
KE'B (3r)” (24K — B (1)) +24KB () (24 — k6B (11)) — 4A%kB (1) =0

Solving for B(¥r):

A(VEATREB (1)) — 4€B (11)” ~ 24+ kB (1)

Por) = &2k B (1))

A(\/(2A+k§2B('yL))2—4§2B(WL)2—2A+I€§2B(WL))

Hence, 45 = S04 — 1=t

t—7

o+

K

Proof of Proposition 8§ We show the comparison between optimal solutions to all Problems:

1. The ordering of ef. and e} follows from the fact that 5+, <1 and hence the denominator of
e} is larger than the denominator of e}, while the numerator of e is smaller than the denominator
of ef.

2. The ordering of ¢;. and ¢ follows from the fact that 8}y, <1 and hence the denominator of
q;, is larger than the denominator of ¢f.

The ordering of ¢; and ¢} follows from the fact that 2k — ;v < 2k + S3yr(k§ — 1) and hence the
denominator of ¢j. is larger than the denominator of ¢; while the numerator is the same.

3. Establish the ordering of prices in three steps:

(a) Show that pf, > p3.
Since k > % and B7~vr < 1, the following holds:

1-c)k(1-75;
iy~ RO Fim)

b2k —1) (2k = Biy) T

(b) Show that p& > pj..

o — ph = (c(k = 1) + k) (Bpyr(kE —1) + 2k) — (2k = 1) (Bpyr(kE — ¢) + (c+ 1K) (5)
@ (2k = 1) (Biyr (k€ — 1) +2k)
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The denominator of 77 is positive, so we examine the numerator:
(c(k = 1) + k) (Biyr(k§ — 1) +2k) — (2k — 1)(Bpyr(k§ — ¢) + (c+ 1)k) =

(c(k = 1)+ k)Bpyr(k§ — 1) + (c(k — 1) + k) (2k) — (2k — 1) (c+ 1)k — (2k — 1) Biyr (k€ —c) =

(c(k=1)+k)Bprr(k€ = 1) + k(1 — ) = (2k = 1) Bpyr(kE — ¢) =

(1= )k(Bpyr(§ —kE) + 1= Bryr) =

[

L . 2B .
Substituting Srvr = W-]

2B(vr) _ _ 2B(7r)
T T SR S U Y W o T Ry ¥y
2B(7F)(€_kf)+2A—B(7F)§(1_k’£)_2B(7F)):
24— B(p)e(l — k)
(L+K(BORE+ 24— Ble)
24— BOE1 k) )7

(¢) Next, we show that p} > ps.

(1—=)k( )=

(1—c)k(
(1—=c)k(

o (=kBpyr (k€ —EByr +1) — Bie)
P = T ok — Byn) (B (KE — 1) + 2k) ©)

The denominator of 7?7 is positive. Hence, we focus on the numerator. We need to show:

Bive(kE+1) = By (€Bryr+1) >0

We substitute 8}y, = % and Spyr = % to get:

Bryr(k€+1) = By (€Bpyr +1) =
2BOe)(kE+1) g 2B(yr)
2A+B(yr)E(k€—1) " 2A4 B(yp)E(kE — 1)
2AB(vr) (k€ +1) — B(v1) (€2B(vr) + 2A+ B(vr)&(kE — 1))
AQRA+ B(yr)E(kE — 1))

Again, denominator is positive, and we focus on the numerator. Hence, we want to show:

2AB(vr)(k§+1) = B(7r) (§2B(7r) + 24+ B(yr)§(k§ —1)) 20

+1)=

2AB(vr) (k€ +1) = B(y1) (£2B(vr) +2A+ B(yr)§(k§ — 1)) =
2AB(yr)(k§+1) = B(y1)B(yr)§(k§ +1) — B(7)24 =
B(vr)(k§+1)(2A = B(71)§) — B(7L)24 >
[Next line follows since B(7z) < B(vr):]
B(yr)(k§+1)(2A = B(71)§) — B(vr)2A =
B(yr) (k§ +1)(2A - B(y1)§) —24) =

(vr) (K&(2A = B(v)€) — B(1)§) =

(vr) (2AKE — B(y1)§(kE+1)) >

B(yr
B(vr
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[Next line follows since B(7;) < (1 —7) and then A= (k£ +1)(1—7){]
B(yr) 2ARE = E(RE+1)(1 = 7)) = B(yr)§A(2k = 1) > 0

4. Next, we show that 8] > (5.

g g4 (vrB (vr) =B (yr)) +&vr (k€ —1)B (vr) B (71)
bR Aveyr (2A+E(kE—1)B (7r))

Since k€ > 1 by Assumption 1 and B () =B (vr) = (1 —1t) (v# — L) >0, 55 — B3 > 0.




