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Cooperative Avoidance Control 
for Multiagent Systems
The objective of this paper is to present a methodology for designing cooperative control 
laws for individual agents that guarantee collision avoidance in multiagent systems. The 
proposed avoidance control laws are easy to design and implement, and may be directly 
appended to the optimal control laws of the individual agents within the cooperation 
framework. The avoidance control laws are computed using value functions that resemble 
the behavior of harrier functions in the static optimization theory. The most attractive 
feature of the proposed optimization scheme is the fact that the avoidance laws are active- 
only in the bounded sensing regions of each individual agent, and they do not interfere 
with the agents’ individual optimal control laws outside of these regions.
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1 Introduction
The concept of avoidance control has been originally formu­

lated, and later studied in more detail, for the case of two inde­
pendent agents in a noncooperative setting [1--6]. Avoidance con­
trol conditions were formulated to guarantee that the control 
actions of one of the agents will keep the system trajectories out 
of the prescribed unsafe set no matter what the control strategy of 
the other agent is. Thus, the avoidance conditions assumed the 
worst case scenario with no cooperation between the agents. 
Later, these results were formulated for the case of multiple agents 
that were separated into two groups [7], One group consisted of 
agents that wanted to avoid the unsafe set, and the other group 
was comprised of agents whose goals were not known implying 
that the worst case scenario had to be assumed again. These con­
trol laws were designed for collision avoidance only, and the 
problem of combining them with the individual control laws of 
the agents’ was not addressed. With the increasing interest in mul­
tiagent systems, the problem of establishing conditions for their 
safety verification has become important. In the case of the non­
cooperative scenario for a two-agent system, the problem of col­
lision avoidance has been studied in Ref. [8], based on the ideas 
proposed in Ref. [9], using the level set methods [10.11] for com­
puting solutions of Hamilton-Jacobi-Isaacs (HJI) partial differen­
tial equations (e.g., see Refs. [12,13] and references reported 
therein). Since these methods were related to the viscosity solu­
tions of HJI equations, implying their high computational com-
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plexity, an efficient polytopic approximation method for comput­
ing guaranteed avoidance strategy for one of the two agents has 
been proposed in Refs. [14,15]. However, one of the open prob­
lems is how to efficiently apply these methods to multiagent sce­
narios even in the case of very simple dynamic models describing 
motions of the individual agents. In the context of multiagent 
control and coordination problem where the agents’ motion is de­
scribed by kinematic models, the collision avoidance was ad­
dressed using multiobjective and decentralized optimization meth­
ods in Ref. [16], heuristic methods in Ref. [17]. stochastic 
optimization for choosing conflict-free optimal maneuvers in Ref. 
[18], navigation functions [19-21] in Ref. [22], and attractive/ 
repulsive potentials in Refs. [23,24].

In this paper, we propose a method for control of multiagent 
systems, which is based on the avoidance control approach intro­
duced in Ref. [1]. We shall describe the agents by using general 
nonlinear dynamic models and derive sufficient conditions for the 
collision-free maneuvers using functions that are active only in 
the bounded sensing regions containing the agents. Most impor­
tantly, this fact implies that the optimal control laws of individual 
agents remain unaffected outside of the sensing regions.

The organization of the paper is as follows. In Sec. 2, we de­
scribe the agents’ behavior by a set of nonlinear differential equa­
tions and their individual goals to arrive at their desired targets by 
optimizing an infinite-horizon cost function. The avoidance value 
functions, which are active only in the bounded regions, are speci­
fied for each agent and added to the optimal value functions cor­
responding to their individual optimal control problems. Condi­
tions that guarantee safe maneuvering of the agents are provided. 
The case when the agents are modeled using linear time-invariant 
models is considered in Sec. 3. The avoidance control laws are 
computed explicitly in terms of the solutions of the corresponding 
static matrix Riccati equations. In Sec. 4, we provide three illus-
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trative and challenging examples due to the assumption of sym­
metric initial and final conditions for the agents. In the first ex­
ample, where the agents are represented by the kinematic model, 
the proof of the system safety validation for an arbitrary number 
of agents is provided. In addition, we show that the appropriate 
choice of safety and avoidance regions breaks the symmetry of the 
problem. In the second example, we constrain the agents’ feed­
back control laws to be norm bounded, which is desirable for 
practical applications. Finally, the third example is chosen in order 
to illustrate the application of the methodology when the state 
variables include velocities of the agents.

2 Cooperative Avoidance Control
Let us assume a group of W independent agents whose indi­

vidual motions are described by the following dynamic models:

*=f(qu) Vie N ={1,2....,N} (!)

where x1 € R" is the state, and u; € R" is the control input of the 
ith agent. The n dimensional vector functions f), ie N, are 
assumed to be continuously differentiable with respect to both 
arguments. The above equation is assumed to be valid at every 
time instance / e T=[0,+»). The agents’ inputs are assumed to 
belong to the set of feedback strategies, that is, u,el; 
={#():R" —> Rm}. Notice that u() is assumed to be a function of 
the overall state space vector x=[xf....,*] € R" to accommo­
date the later analysis that would treat collision avoidance behav­
ior of the agents. With each agent, we associate a cost function of 
the following form:

J,= q,(x2uj)dt VieN (2)
Jo

We assume that the above cost functions define the strategies of 
agents to arrive at their target points denoted as xf € R", for all 
ieN. In order for this problem to be well defined, it is necessary 
to assume that the target points are in the reachable sets of the 
corresponding agents. Additionally, we assume that the optimal 
value functions v/(x), i € N, along the optimal trajectories, satisfy 
the following equation:

70 (0]= 1 ax,r),Mfl«Kr)dr VieT VieN (3) 

and belong to the class C' of continuously differentiable functions. 
The agents’ control strategies denoted by u/(x;), for all ie N, 
are optimal control laws that are obtained by the following 
minimizations:

u/(x4) = arg min' q(x u)) + f(,u) [ VieN (4) 
uell; ax; J

The agents’ Hamiltonian functions are defined for the general 
functions «,■(•) and v(-), in a standard way [25], as follows:

HX,#1 = M)+ —fX.M;) Vie N (5)Aex; / ax;

The optimal value functions and the optimal feedback control 
laws are assumed to satisfy the corresponding Hamilton-Jacobi 
equations:

Bo?
q[x. u,(x)] + —~f[X,a°(x)] =0 VieN (6) 

'2x;'

The cost functions are non-negative functions, that is, q(x2,u)) 
= 0 such that q[xuf(x)] >0, for all x;#x, that are in the reach­
able set of the ;th agent. The target points satisfy the equilibrium 
equations:
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flf.C(4h]=0 VieN (7)
From Eq. (6), it follows that

dv 201 1 r 1 wNT— — = — fxq (xj] = - qix u; ()) < 0, V X; * X; V fe N (8) 

where 001ax; is a row vector of dimension n, which denotes the 
gradient of v, with respect to x;. Thus, from Eq. (8), it follows that 
the value functions may be used as Liapunov functions in order to 
establish convergence of the agents’ trajectories to their corre­
sponding equilibria.

Now, our goal is to be able to guarantee that the agents would 
arrive at their target/equilibrium points without collisions. In order 
to do so, for each pair of agents, we define the following 
functions:

([L-H-R21\2
v(xhx) = min 0,---------112--- ijeN i#j (9)1 \ I x-x - r j /

where R> r>0. The symbol R denotes the radius of the region in 
which agents can detect the presence of the other agents. The 
lower case r denotes the avoidance region, that is, the smallest 
safe distance between the vehicles. Notice that the functions de­
fined in Eq. (9) may be linked to the penalty and barrier functions 
used in the static optimization literature [26]. The partial deriva­
tive of v(x,x) with respect to x; is given by

0 if l, ~ xj = R

- (R2-P2)(-XI-R2), 7 dvi 4  12 23 (x, - x})’ if R >lx, - x}Il > r 
—1 = (Ie, - *|l - r)’' 

' not defined if x - xj = r
0 if Ix, - xj| < r

(10)

Since the functions v0(x,x)) are symmetric with respect to their 
arguments, the partial derivative with respect to xj may be ob­
tained directly from Eq. (10) by swapping the indices i and j. 
Also, in order to make our presentation simpler, we have.chosen 
that full state vectors x, ieN, represent agents’ positions. In gen­
eral, only subsets of the state variables, as elements of the agents’ 
state vectors, represent the positions of the agents but the analysis 
would stay the same [7]. For more information on partial stability 
and stabilization results that would guarantee straightforward ex­
tension of our results for this general case, we refer to a recent 
survey paper [27] and the references reported therein. In addition, 
an example is provided in Sec. 4.3 that illustrates the application 
of our methodology when agents’ velocities are treated as state 
variables.

In order to achieve both goals at the same time, that is. to avoid 
collisions while the agents converge to their target points, we 
propose the following functions:

N

v1(x) = Sir*)) VieN (11) 

where vi(x,x)=v/(x). Notice that the above value functions may 
be treated as components of the overall vector Liapunov-type 

function [28-33]. The agents’ avoidance control laws are obtained 
by minimizing the Hamiltonians with respect to the value func­

tions (11), that is,

I av;|u (x) = arg mini q (x,u4) + —f (xu) VieN (12)
#j€l4 . ax; J .

One important feature of the avoidance control laws is that 
outside of the detection regions, these control laws coincide with 
the optimal control laws of the independent agents, that is,
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«f(x) = uf(x) if l - x/l = R. Vje N j#i (13) 
Since the avoidance components of the control laws are active 
only in the detection region, they may be considered as local, 
which is compatible with the nature of the collision avoidance 
problem.

In order to be able to prove collision avoidance for the group of 
N agents, we combine the individual agent dynamics into the 
overall dynamic system

x=f(x,u) (14) 

where x=[x] ,x4,... x]7 el?" is the state, and u 
=[«{,«2  uNIe R" is the input. The agents’ state and input 

vectors are assumed to be disjoint, that is, n=>.|n; and m 
= >iim). The assumption that f(v) e C, for all ieN, implies 

that the concatenated n-dimensional function is also a continu­
ously differentiable function with respect to both arguments. With 

the overall system, we associate the cost function that is the sum 
of the individual costs, that is,

N % - N

J= 2J;= | q(x,u)dt. q(x'u) = 2 q;(x;u;) (15)
■i=1 Joi-i

For the overall system, we define the avoidance region by de­
fining the avoidance sets for each pair of agents as

Qj = {xx € R".||x, - x/l < r} (16) 
and the overall system sensing or detection region by defining 

pairwise detection regions

Dij = {x:x € R",I|x, - x/I < R} (17)

Then, the overall avoidance region is given by

0= U Q (18) 
ijeNj>i-

and the overall detection region is defined by

D = U D (19) 
iJeNji'

At this point, we recall the following definition for the avoidance 
of the set a [1.3].

DEFINITION 1. The dynamic system x=f[x,u(x)] avoids A. 
Ac R", if and only if for each solution x(t,x0), te T =[0, +x), 
% $ 4 implies x (t ,x0) € 12 for all t E T.

In order to be able to establish conditions for the avoidance of 
the set 0, we follow the methodology proposed in Refs. [1,3-6]. 
Similarly, as in the case of avoidance sets, we define the safety 
region for each pair of agents as

Ti = {x:x 4 0,r < IX - x|l < F} (20) 

where R=F>r. Tt is important to note that the above definition of 
safety regions is a special case of the general definition used in 

Refs. [1,3-7] where the upper bound on the k-x does not have 
to be a constant. This has been done for the simplicity of presen­

tation purposes yet it is easy to show that the definitions lead to 
the equivalent result in terms of the existence of appropriate safety 

regions that would guarantee collision-free coordination of the 
agents. The overall safety region is defined as the union of the 

pairwise safety regions, that is,

r = U IT (21)
JeN/>i‘

As the composite value or Liapunov-type function, we choose the 
following:

NN

v(x) = X 2 v,(xx;) (22) 
tei ;=i '

Now, the overall Hamiltonian is defined as [25]:

20 du 
x,  , = q(x,u) +  f(x,u) Vx / dx‘

(23)

In the next theorem, we formulate a cooperative avoidance result 
for the collision-free coordination of the agents. The cooperation 
is validated by proving that the agents can cooperatively decrease 
the composite Liapunov-type function in Eq. (22) by decreasing 
its individual value functions given in Eq. (11).

THEOREM I. If the following inequality is satisfied'.

N -
S 00, ar2. H/ (x) 
i^ 0. dX; - 

N

- Zalxx#(*)] <0 VxeT (24)

then the set 0 is avoidable for the system (14) with the subsystem 
control strategies uf(x) defined in Eq. (12).

Proof. We start by computing the time derivative of the com­
posite function in the region r as follows;

NN N N 
dododug,dug 

dradr1dr*MMdr

— don X dun . - don r 4 
=2+224[xu (x)] + —4f[x).uj(x)] 

i=i dr fi j>-i dx dXj J
N N N 

=2+22 fDx,u;(x)] +22 4f[x).u,(x)] 
i=I dr (=1 j>i j*| j>i 

(25)
Now, notice that 

N N. 
2 2. . f[xuj()] - 2. 2 f[x,uj(x)] 
1=1 j>i Xj j=l isj Xj 

N 
=22 Ax ()] 

i=Ijsi ax;
N 

-EX fix F(x)] (26) 
I1=110,

Since v(x1.x)=vj(x),x), we finally obtain

N N N 
dv vdo, vwdun ne 2 — 00, ar — = > 1 +22 ATX, u[(x)] +22 —fi[x,u, (x)] 
dtidt ax,i=I "3

NN

-22r[x,4[(0)]

N NFN
= 2 f[x#1 ()]= 2 x—u (x) - 2, q[x2u,(x)] 

j=|dX; EIL ax; J / = 1

<0 V x e T (27)

Thus, we proved that the function v(x) is nonincreasing in the 
region T. Also, notice that the values of the function v(x) are finite 
for the finite values of its argument x that are outside of the region 
02, that is, when x € 0°, where Ne=R"\A denotes the set comple­
ment of A. Due to the continuity of solutions of the system (14), 
the assumption that the initial condition satisfies *0 € N°, and that 
the following conditions hold:

lim v1(x x) = +00 Vi,j eN i#j (28) 
k-rio*

we conclude that x(t,x0) will never enter 12. In the above equa­
tion, Ix -x| —> r+ denotes convergence to r from above, that is, 
I-x|=r+ 8 while 8-0 and 8=0, Q.E.D.
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In order to guarantee that the agents would arrive at the corre­
sponding equilibria, a stronger set of conditions is needed, These 
conditions are formulated in the following theorem.

THEOREM 2. If x"=[(x[7,(5).............................. CAT+D and 
H[x,av/ax,u"(x)]-q[x,u(x)]<0 for al! xe 0°, x#x€ then the 
set 0 is avoidable for the system (14), and all the agents will 
arrive to their target/equilibrium points x, with the subsystem con­
trol strategies defined in Eq. (12),

Proof. First, notice that the condition x€ 
=[(f)7, (5),. (%)] € D implies that the non-negative 
Liapunov-type function v(x), defined in Eq, (22), equals zero only 
at the equilibrium point x". Then, the condition dv(x)/ dt 
=H/[x,av/*x,u"(x)]-q[x,u"(x)]<0 guarantees convergence to 
the equilibrium by the standard Liapunov analysis (e,g„ see Ref. 
[34]) and Theorem I guarantees collision-free coordination 
since the system trajectories cannot enter the avoidance 
region a. Q.E.D.

It is important to note that the avoidance functions may be 
delined to be much more general than those in Eq. (9). As an 
illustration, let us consider the following functions:

0(x,x) =|min0,------------------\------ fl / e N I# J

(29) 
where di and bij, i,j € {1,2,...,/}, i#j, are positive numbers. 
Functions aj(x,x) and Bz(xf.x), ije {1.2,....N}, i#j, are 
chosen to be continuously differentiable and non-negative func­
tions of their arguments such that X;=X; implies a(x,x) 
=B(x,x)=0 and

{xx/la*)) = aij) C (xx B(x,*)) < bij) (30) 
with inclusion being strict. Now, one may easily show that the 
more general detection region for the ith agent with respect to the 
jth agent may be defined (in terms of the agents’ states only) as 
the following nonempty set: .

D={*6x)i(wx) = bij) (31)
and the corresponding avoidance region as

Q={*,*)(*)) = aij) (32) 
Similar to Eq. (10), one may compute the partial derivative 
aoglax; in the sensing region D1j as

tie 7228. -2 ,3 (a dj) ., (By b1j). (33) dx; (aj-aj) L - 9 dx; 9 9 dx;]

and note that the function v(.) is continuously differentiable 
outside of the avoidance region 0 and zero outside of the sens­
ing region Dij: Also, these general functions need not to be sym­
metric with respect to their arguments, that is, vf(x,x) 
#vj((x/,xj). In this paper, we will assume the symmetry condition 
holds if not stated otherwise. The usage of an additional degree of 
freedom by choosing nonsymmetric avoidance functions will be 
illustrated in the section dedicated to examples.

3 Linear Systems With the Quadratic Cost
In order to show how the avoidance control laws in Eq. (12) 

can be computed explicitly, we assume that the behavior of each 
agent can be modeled as a linear time-invariant dynamic system in 
the following form:

*/ = Ap + Bui VieN (34)

Again, we assume that each agent’s goal is to arrive at the equi­
librium point x/ € R" that satisfies the equilibrium equation (lin­
ear equivalent of Eq. (7))

Ax + Bif = 0 (35)

With each equilibrium, we associate the quadratic cost

q(wu)=[(-XfTQ(x-Xf)+ (#;-#fR(4;-«f] (36)

where R is a positive definite symmetric matrix and Q; is a non­
negative definite symmetric matrix, for all / e N. In addition, the 
pair (A4,B;) is assumed to be stabilizable and the pair (AQ2) is 
assumed to be detectable. Then, this infinite-horizon problem has 
unique stabilizing solution in terms of the solution P1 of the alge­
braic matrix Riccati equation (e.g., see Ref. [35])

P A,+A[P -P,B RF’BFP +Q,=0 Vie N (37)

The optimal cost to go function is known to be equal to

v/(x) = -(x - xf) P(x, - xf) (38)

and the optimal input is computed using the equation

uf(xx) = arg min’ -0- xf0(-*f 
u/cl2

_00°1 
+ (u; - u)TR(u; - uf)] + —H(APx + Bu,) /

""‘23 :

= arg min; EUu;-ufTR(U;-uf) + (X;-XSTP,B(u, - if 
«jell; (2

+(x, -xf)TPA (x -xf)+ -(x-xfQ(x;-X) (39) 

as

uf(x) = - R7‘BfP,(x - Xf) + uf (40)

Now,

uf(x) = arg min [(*; - xQC - x4) 2 well 2 "

+ (up- u,)TR(u; - #] + —(A x+ Bu)

= arg min -(u1-uf7R/(u-uf) 
"jell, 2

+ —-B (u; - u;) + —‘A (x - x7) +-(x - x1TQ,(x - xf) > 7x;‘"ax;‘2
(41) 

producing
7 N , 

f(x) = Uf - R7B, = uf -R’B Sdou

= us - RF’B, P(x| - xf - RU’B S —" 
j+i dx

IVol. 
= uf(x) - R; B X —" (42) 

j+i ax;
Again, from the above equation the relation between uf(x) and 
uf(x), given in Eq. (13), is even more straightforward. In other 
words, the components related to the cooperative avoidance of 
collisions are active only in the local detection regions of the 
agents. Outside of these regions, the motions of the agents are 
governed by the optimal control laws that will lead them to their 
target/equilibrium points.
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4 Examples
In this section, we present three illustrative examples. In the 

first one, we show how to use the flexibility of choosing a0(,-) 
and B(-) functions in Eq. (29) in order to solve problems with 
symmetrical initial and final conditions. These problems arc espe­
cially difficult to solve using gradient based methods, One of the 
ways to solve these problems is to break the symmetry using 
different shapes for the avoidance regions and choose appropriate 
functions having level sets that define the boundaries of the avoid­
ance regions.

In the second example, the feedback strategies of the agents are 
assumed to be norm bounded. The agents’ dynamic models are 
linear. The norm bounds, the avoidance, and the safety regions are 
not the same for all agents. Thus, this example represents the 
scenario with heterogeneous agents.

In the third example, we consider agents with second order 
dynamics in which the state contains both position and velocity. 
This illustrates that our approach is not limited to cases where the 
state is just comprised of the positions of the agents.

It is important to note that the methodology proposed in this 
paper is not restrictive to any particular design of feedback control 
laws. As long as the time derivative of the overall value function 
(22) is nonpositive, any corresponding controller design will guar­
antee collision-free scenario. Thus, the choice of the optimal con­
trol framework is mainly for presentation purposes.

Fig. 1 Initial configuration

dudv.
— = H, X, —,u"(x) - q[x,u"(x)] 
dt ax J 7

N
dVi

4.1 Example 1: Kinematic Model With Unbounded 
Inputs. As an illustration of the proposed methodology for de­
signing the cooperative avoidance control laws that would guar­
antee the collision-free motion of the agents, we assume in this 
first example that the agents arc represented by the basic kine­
matic model

=24,** =| L 2*1

N

uf(x) -Saf[xf()]
- tel

(49)

*;=u; VieN (43)

and that each agent is targeting its own equilibrium xf. Since A; 
=0 and B,=I, from Eq. (35), it follows that uf=0. If we choose the 
quadratic cost such that Q =R =I, then the Riccati equation is 
given by

-P2+1=0 (44)

We choose the positive definite solution P =I, which implies that

Df(x1) = DC) = HI -X VieN (45) 
2

and compute the optimal control laws as

u: (x) = - (x - x,) + (4) = -x+x; = - — VreN (46) 
ax;

Using the fact that R;=B,=I, we obtain using Eq. (42)

#(x) = u(x) - X —"= X —" VieN (47)

Finally, using Eqs. (27), (43). and (47), we obtain the following: 

NN NN

-22 f[xu,(x)]- 2 2.u, (x) 
dr i=1 J=1 dA i=l j=1 X;

N (No\/ N N N2

7=1 j=1
(48)

Now, since

the conditions of Theorem 1 are satisfied for any property chosen 
avoidance and safety regions, that is, a and T, respectively. Also, 
notice that Eq. (48) implies that T=D\O.

As an example of our results, let us consider four agents located 
at the vertices of a square with coordinates (100,100), (100, 
-100), (-100,-100), and (-100,100), as depicted in Fig. 1. The 
destination for each agent is located at the opposite vertex of the 
square. For this problem, we chose the safety regions to be circu­
lar with a uniform radius R=F=30 (denoted by dashed circles). 
Notice that the equality R=F is implied by Eq. (48). However, we 
chose the detection and the avoidance regions to be ellipsoidal for 
the first three agents, with various orientation, and circular for the 
fourth agent (all denoted by full-lined circles). In order to do this, 
we can define the functions a(,-) in Eq. (29) as follows:

a(x,x)) = (x1-x)M,(x -x) ij = {1,...,4} i#j 

where M =M,=[02] M2=[ 1], and M.=[0|]. We also chose 
the constants a0=202, Vi,j=1................4, which will guarantee that 
the agents will not come closer than a distance of 20 units to each 
other.

In Fig. 2, the agents are moving in straight lines toward their 
corresponding equilibria, according to the optimal control inputs 
iP(x) given in Eq. (46), until they detect each other on the bound­
ary of the safety regions. This is when the avoidance control in­
puts get activated in Eq. (47) and the agents begin to resolve the 
conflict as seen in Figs. 3 and 4. Once the conflict has been re­
solved the agents start heading toward their corresponding equi­
librium points in an optimal fashion as depicted in Fig. 5. The 
complete trajectories of the agents are shown in Fig. 6 with final 
positions placed at (-100,-100), (-100,100), (100.100), and 
(100,-100), respectively. Notice that in all figures the safety and 
avoidance regions are plotted only for the last time sample. In 
addition to the collision-free condition (48), the derivative of the 
value function was never zero, which in our case means it was 
always negative except at the equilibrium. Thus, the convergence 
to the agents' equilibria is to be expected due to Theorem 2.

4.2 Example 2: Linear Dynamics With Input Constraints. 
In this example, we assume that the agents are governed by the 
following linear model:
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Fig. 2 Agents start moving toward the equilibrium

100 50 so 100

Fig. 5 Agents continuing toward the equilibrium

*=-x;+u; Vie (1,2.3,4} (50)

where A =-I and B =I in Eq. (34).
The avoidance, and detection regions for agents I. 2, and 4 are 

defined exactly as in Sec. 4.1. However, for agent 3, we redefined 
the detection and avoidance regions to be ellipsoidal, that is,

«3j(x3.xj) = B3j(*3,xj) = UT - Xj)TM^X3 - x)

where M3=D0|l for je{1,2.4}. The constants d3j and by are 
chosen to be 202 and 302, respectively.

It is easy to verify that the control law

f(x) = - ( 2- 1Xx - xf)+uf (51)

100 so 0 50 100

Fig. 3 Agents starting to resolve the conflict

is optimal and satisfies the algebraic Riccati equation (37) with 
P1=((2-1)I, where in this case we also chose Q=R =I. The 
input at the equilibrium can be also computed using Eq. (35) as 
af=xf.

Then, using Eqs. (51) and (29), we design the avoidance control 
laws uf as given in Eq. (42). We further assume that the norms of 
the input vectors u? are bounded by constants m^ for /=!,,..,4 
that we chose to be 250, 200, 190. and 280, respectively, that is

Fig. 4 Conflict resolved
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Fig. 7 Initial configuration Fig. 9 Agents starting to resolve the conflict

X,=u; VieN (53)

uf(x), milar It if (x)|| > m^ U; (x) - 1 IK ( x)||
uf(x) otherwise

(52)

The sensing and avoidance regions for all the agents are given by 
the similar functions as in the previous examples. It is easy to 
verify that the control laws

Notice that this ease is not covered by the theoretical results pre­
sented in the paper; however, we refer the reader to Ref. [7] for 
further analysis on the bounded input case.

Figure 7 shows the initial configuration of the agents. In Fig. 8, 
the agents are moving in straight lines toward their corresponding 
equilibria until they detect each other on the boundary of the 
safety regions. This is when the avoidance control inputs get ac­
tivated in Eq, (47) and the agents begin to resolve the conflict, as 
seen in Figs. 9 and 10. Once the conflict has been resolved, the 
agents start heading toward their corresponding equilibrium 
points, as depicted in Fig. 11. The complete trajectories of the 
agents are shown in Fig, 12 with final conditions placed at 
(-100,-100). (-100,100), (100.100), and (100,-100), 
respectively.

4.3 Example 3: Double Integrator Dynamics. In order to 
illustrate the fact that the full state vector of each agent does not 
have to be solely comprised of the position of the agent, we con­
sider the agents with second order dynamics given by

Fig. 8 Agents start moving toward the equilibrium Fig. 11 Agents continuing toward the equilibrium
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Fig. 12 Initial to final configuration

u1 = - k/(x1 - xf) - bx; VieN (54) 

where k; and b; are positive constants, will drive the agents to their 
corresponding equilibrium points. For this example, we choose 
the weight matrices Q,=[021 and R =I, which result in optimal 
values of k/=1 and b"~2. Then, we append the control law (54) 
with the avoidance control laws if

Figure 13 shows the initial configuration of the agents. In Fig. 
14, the agents are moving in straight lines toward their corre­
sponding equilibria until they start sensing each other. This is 
when the avoidance control laws get activated and the agents start 
resolving the conflict, as seen in Figs. 15 and 16. Once the conflict 
has been resolved the agents start to head towards their corre­
sponding equilibria, as shown in Fig. 17. The complete trajecto­
ries of the agents are shown in Fig. 18 with final conditions placed 
at (-100,-100), (-100, 100), (100,100), and (100,-100), respec­
tively.

5 Conclusion
in this paper, a design of cooperative control laws based on the 

idea of avoidance control introduced in Ref. [1] has been applied 
to multiagent systems. The methodology is easy to implement, 
guarantees collision-free conflict resolution, and may be appended 
to already designed optimal control laws of independent agents.

Fig. 13 Initial configuration

706 / Vol. 129, SEPTEMBER 2007

_——________________________!_________________ I.................................I — L—.
100 -50 0 50 100

Fig. 14 Agents start moving toward the equilibrium

Fig. 15 Agents starting to resolve the conflict
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Fig. 17 Agents continuing toward the equilibrium

Fig. 18 Initial to final configuration

Our future research directions include the noncooperative case 
where some of the agents are not fully cooperating to avoid col­
lisions [7] or the agents’ detection sensors are not fully reliable, 
and the possibility of using avoidance value functions other than 
rational (e.g., logarithm functions). In addition, we plan to con­
sider a variety of different feedback controllers such as dynamic, 
adaptive, and output types of controllers. Another important issue 
is to study the correlation between the shape and the size of both 
the avoidance and safety regions and dynamic capabilities of the 
agents described by their dynamic models.
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